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Abstract—In this paper, a new concept of a mixed-order prism
macroelement is introduced for the analysis of photonic crystal
slabs and waveguiding structures. The mixed-order concept used
here implies arbitrary orders of variation towards different directions and it differs essentially from the well-known mixed-order
approximation that is an integral part of every Whitney element.
The reduction of degrees of freedom, achieved by the employment
of such elements, facilitates the solution of the resulting eigenvalue
equation. Thus, an efficient 3-D finite-element analysis tool is developed to calculate the band structure of both symmetric and asymmetric photonic crystal slabs. Dispersion relation results for two
different types of photonic crystal waveguides are also presented,
to further verify the method.
Index Terms—Finite-element method (FEM), periodic structures, photonic crystal slabs, photonic crystal waveguides.

I. INTRODUCTION

T

HE ability of photonic crystals [1], [2] to control light
propagation has attracted significant research attention
in recent years. Evolution in technology and improvement in
theoretical and numerical methods provided further insight into
their properties, leading to new device concepts and designs,
such as photonic crystal slabs [3], [4], waveguides [5]–[8],
Y-junctions [9], resonant cavities [10]–[12], couplers [13],
filters [14], and many more. In particular, photonic crystal
slabs and waveguides are essential building blocks for photonic
crystal circuits and band information of such structures is of
great importance for design purposes. Optical circuits, based
on photonic crystal slabs, provide lateral confinement of light
by a 2-D lattice, whereas vertical confinement is provided by
the refractive index contrast of the layered structure. Although
some of the benefits of full 3-D photonic crystals are lost, the
relative ease of fabrication seems to be an offset for such a loss.
The correct description of photonic crystal properties requires the solutions of the full vectorial Maxwell’s equations.
Thus, numerical modeling is crucial, since no analytical approximation is possible and the fabrication is a costly and
time-consuming process. Among the most widely used and
powerful computational techniques are the planewave expansion (PWE) method [15]–[17] and the finite-difference
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time-domain (FDTD) method [18]–[22]. The PWE method is
based on a time-harmonic planewave eigenmode decomposition and a Fourier series expansion of the dielectric permittivity.
It is straightforward, easy to implement, and most widespread
technique for the calculation of photonic crystal dispersion
diagrams. A critical issue, however, is related to the convergence dependence on the number of planewaves employed.
An alternative approach for photonic band calculations can be
found in [23], where the magnetic field is expanded in terms of
guided modes. The FDTD method is another popular method
for photonic crystal calculations, including the derivation of
dispersion diagrams [18], [20]. It has been proved accurate and
it is relatively easy to implement. However, it exhibits some
inherent limitations, such as the staircase approximation, which
renders modeling of fine features difficult and requires long
calculation times, due to the excessive number of necessary
time steps. Another drawback, related to the construction of
dispersion diagrams, is the difficulty in resolving the resonant
peaks, which in many cases would require the employment
of advanced digital signal processing techniques. In addition,
it is generally difficult to obtain the mode profiles in a single
FDTD run. On the other hand, the finite-element method
(FEM) has also proven to be a flexible and efficient numerical
tool in photonic structure modeling in 2-D [24], [25] or 3-D
[26], [27], though its application in planar photonic crystal
dispersion calculations [28] is not very widespread. The use of
FEM would be particularly advantageous due to the sparsity
of the resulting matrices and the inherently accurate modeling
of sharp material discontinuities or fine geometric features.
However, for this particular class of problems in planar photonic crystal geometries, a classical tetrahedral or hexahedral
element implementation does not seem to be optimal, since
it would require an enormous number of degrees of freedom,
possibly rendering the application of FEM prohibitive. If, on
the other hand, one somehow manages to take into account the
planar configuration of the slab, possibly by means of properly
modeling field variations on the direction normal to the plane
of periodicity, the number of degrees of freedom could be
significantly reduced.
In this paper, a new prismatic vector finite element is presented that is specially designed to deal with such kind of planar
photonic crystal structures. The approach followed herein is essentially different from that in [28], where a second-order prism
element was employed. The prism element used here incorporates different orders of variations along different directions. It
can be considered a macroelement, in that a higher order variation is assumed only towards its axis, to capture moderate field
variations in the direction normal to the slab. Since the geometric configuration of a planar structure does not change within
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a specific layer, only one element per layer will be necessary.
On the other hand, possibly complex geometric features on the
plane of periodicity can be properly modeled by first-order elements and a sufficiently fine mesh. Such a setting enables easy
geometric modeling, via 2-D mesh generation and, most importantly, a significant reduction in degrees of freedom, compared to classical tetrahedral or hexahedral elements. Though
the extension of the proposed macroelements to include higher
order variations in the plane of periodicity is feasible, we have
chosen to use first-order variation in the plane of periodicity
(where finer features are accounted for by proper mesh refinement). On the other hand, in planar geometries, the higher order
in the third dimension is considered more critical in order to
capture the field variation with a single macroelement per material layer. Additionally, the proposed scheme maintains reasonable simplicity, whereas increasing the order of variation both
in the planar and vertical directions will substantially increase
the complexity of the analysis and implementation.
In Section II, the element construction procedure is briefly
discussed and the vector basis functions are derived. The
finite-element formulation with periodic boundary conditions
is briefly outlined and, in Section III, it is applied to obtain the
band information of commonly encountered photonic crystal
slabs. To further confirm our approach, the dispersion relations
for two types of waveguides are calculated: a linear-defect
waveguide in a finite-sized rod arrangement and a waveguide
in a triangular lattice of air holes. In addition, indicative mode
field profiles are provided.
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degrees of freedom have to be chosen, based on tangential projections on the element edges or faces and, most notably, the inclusion condition, i.e., a proper modeling of the curl-free fields
should be preserved in the discrete level as well. Generally,
under these assumptions, a Whitney element turns out to satisfy
the so-called mixed-order property, that is the variation of any
field component along its direction is one order less than in the
respective normal plane. The mixed-order concept introduced
here is different, in the sense that a third-order longitudinal variation is adopted and a first-order planar variation is maintained,
in other words, we have different variations in the same element.
Of course, separate field components will comply with the usual
mixed-order principle, in consistency with both the physics of
the problem under study and the correct approximation of the
curl operator nullspace, without violation of the fundamental
mixed-order principle. The degrees of freedom are defined by
proper weighted tangential projections on the element’s edges
and faces and the enforcement of the inclusion condition, combined with the decoupling conditions, finally lead to the derivation of vector basis functions.
More specifically, the transverse variations are expressed via
the simplex coordinates, while a normalized axial coordinate
for longitudinal variations is used. According
to the principles laid out in [30], a general field expression for a
third-order element is

(1)
II. FORMULATION
A. Development of Third-Order Vector Prism Macroelements
The macroelement that is presented in this section will be
constructed on a usual geometric prism element; however, the
degree of approximation will not be the same along different directions. The idea behind its design is that in a layered structure,
the electromagnetic field exhibits a moderate variation along the
vertical direction, while more intense variations are anticipated
in the lateral plane due to the existence of the crystal lattice. It
is, therefore, reasonable to use long prism macroelements that
exhibit the simplest (first) order of variation along the lateral
directions, and a sufficiently high order along their axis, thus
being able to account for the field variations in the vertical direction using a single element per layer. On the other hand, lateral
variations are mainly associated to the lattice pattern and are expected to be sufficiently modeled by a fine mesh of first-order
finite elements. Usage of a higher order approximation in the
lateral plane would substantially increase the number of degrees
of freedom, without contributing much to an accuracy improvement. Therefore, such a macroelement will be appropriate to
capture the physics of the problem, while requiring only 2-D
preprocessing and mesh generation. It is worth to mention that
this approach has already been successfully applied in the optimization of microstrip antennas [29].
The formation of the macroelement is performed by mathematically imposing the basic principles that are essential to any
Whitney element with tangential continuity. First, appropriate

This expansion includes third-order variations along the -axis
only, but the usual mixed-order principle continues to hold,
since transverse field components have such variations, while
the axial component has only first- and second-order variations.
Considering (1) and following a systematic approach [30],
we find that the required number of degrees of freedom is
21. We notice that a prismatic Whitney element of second- or
third-order variations to all directions would require 36 and 89
degrees of freedom, respectively. Six degrees of freedom of the
form
(2)
are assigned to the six edges of the triangular faces. Three degrees of freedom on each one of the three vertical edges are defined as weighted tangential projections of the form

(3)
where the weights are the basis functions of the second-order
nodal element. The derivation of the remaining six face degrees
of freedom, two on each one of the three faces, is not trivial but
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where is the prism height. The expressions for face basis functions are

(7)
and for the vertical edges

(8)

B. Finite-Element Analysis
Fig. 1. Third-order prism macroelement: degrees of freedom and order of variations for the axial and a transverse component.

we can construct them in a straightforward manner by considering the surface integral on a face
(4)
By applying Stoke’s theorem and appropriate vector algebra
identities, we can express the degree of freedom for the nor, in terms of the already defined
mally continuous field
edge degrees of freedom. Thus, the face degrees of freedom are

A generic problem geometry is illustrated in Fig. 2. The computational domain is an appropriate unit cell of the crystal lattice, consisting of three layers (substrate/guiding layer/superstratum). Periodicity is along and/or directions and a finite height in the direction is assumed. A FEM description
of the problem geometry is obtained by subdividing the unit
cell volume into small prism macroelements. The height of the
macroelements is adjusted so that a single macroelement per
layer is used. The Galerkin formulation of the vector Helmholtz
eigenvalue equation for the electric field is given by

(9)
(5)
In Fig. 1, placement of the above 21 degrees of freedom and the
respective orders of field variations are shown.
The coefficients for the vector basis functions are obtained by
imposing the proper decoupling conditions and the constraints
dictated by the inclusion condition. Although the latter one requires a strenuous algebraic manipulation, it results in quite
simple constraints, i.e., the highest order terms in the field expansion should appear with opposite signs. The basis functions
of a triangular face will be given by
for an edge

(6)

The surface integral term in (9) vanishes on boundaries that
correspond to perfect electric conductors (PECs) or periodic
boundaries [31].
The 2-D mesh generation greatly facilitates a consistent, with
respect to periodicity, grid. Thus, we can define identical de,
grees of freedom on a pair of periodic surfaces (
) and by use of Bloch’s theorem, we impose the periodic
boundary conditions (PBCs) on the corresponding basis functions, i.e.,
(10)
On the top and bottom surfaces, the mesh is truncated by placing
PEC boundary conditions at an appropriate distance, where the
mode profile is expected to have sufficiently decayed. This distance can be easily estimated in a preprocessing step by examining the mode profiles of the unpatterned slab, by a simple
analytical calculation. Once a rough estimate of the necessary
distance is available, one can possibly decide on the number
of prismatic element layers that are required or the appropriate
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III. ANALYSIS OF PHOTONIC CRYSTAL STRUCTURES
A. Slabs

Fig. 2. Unit cell geometry and boundary conditions.

order of variation along the macroelement axis. Finally, a generis obtained.
alized eigenvalue equation of the form
The PEC boundary conditions guarantee the symmetry of the
resulting matrices, whereas enforcement of (10) results in complex matrix elements, corresponding to degrees of freedom on
periodic surfaces. The MATLAB routine sptarn is used for the
solution of the eigenvalue problem. The eigenvalue search interval can be optimally determined, saving considerable computational time. Moreover, the introduction of a higher order
variation on the vertical dimension only contributes to a dramatic reduction of degrees of freedom. Application of open
boundary conditions is also possible. The widespread PML absorbing boundary condition is preferred in other computational
methods (like FDTD) but it is not the primary choice in frequency-domain FEM formulations, since it is known to severely
affect the matrix conditioning, resulting in poor performance.
First-order absorbing boundary conditions (ABC) are usually
preferable for mesh truncation in FEM, although the resulting
matrices are complex nonsymmetric, and ill-conditioned, and
poor performance of the eigenvalue solver is observed as well.
However, it is clear that application of an ABC is not considered critical in the class of problems dealt with in this paper
(i.e., band diagram calculations). Furthermore, the proposed approach is not restricted in the context of a generalized eigenvalue problem. For the wide class of excitation-driven problems,
where no eigenvalue solver is involved, the mixed-order prism
macroelement is expected to be equally efficient, and the introduction of an ABC or even the PML is generally considered to
be acceptable. Such an implementation will allow its application in photonic crystal device modeling, with the device being
excited by arbitrary impinging waves.

We consider first a square lattice of dielectric rods suspended
and radius
, where is the lattice
in air [4] with height
constant. The relative dielectric permittivity of the rods is 12.
away from the
PEC boundaries are placed at a distance of
top and bottom surfaces of the rods. Band diagrams for the three
lowest order even (TE-like) and odd (TM-like) bands are shown
in Fig. 3(a) and (b), respectively. The number of prism elements
is 1464, which corresponds to 8052 degrees of freedom. Results are compared with those obtained using the PWE method
[17] by means of the open-source MIT Photonic-Bands Package
(MPB) [32] and very good agreement is observed. A convergence plot, showing computed values of normalized frequency
(at point ), with respect to the number of degrees of freedom
is given in Fig. 3(c). The maximum relative error for almost all
bands is less than 1% and only for a few values of the third even
band it is slightly higher but still less than 2%. In Fig. 4, a profile
electric field component is shown for the lowest order
of the
symmetry point.
odd band at the
We also have to note that in order to calculate the higher order
bands we have to set a slightly larger search interval in the eigenvalue solver and further select an appropriate position for the
PEC boundary. Since higher order bands (higher frequencies)
are more localized in the slab region, they would allow bringing
the PEC boundary closer to the slab. This is also necessary, as
a reduced macroelement height is needed in order to capture
the field variations just above and below the slab. This would
compromise the accuracy for the lower order bands and thus
suggests two separate runs for the higher and lower bands, respectively. The above strategy still allows for a single layer of
macroelements above and below the slab; alternatively, one can
use two layers of macroelements in order to get the results in a
single run at the expense of an increased number of unknowns.
A triangular lattice of air voids in a dielectric slab is considand a hole radius is
ered next [4]. A slab thickness of
are chosen, with the background regions above and below the
guiding layer being occupied by a uniform dielectric material.
The dielectric permittivity of the substrate is 2 and the guiding
layer permittivity is 12. The substrate and superstratum are extended to a distance of , where PEC termination is used. A
total of 1752 elements with 9636 degrees of freedom were involved in the band structure calculations. The resulting dispersion diagram is shown in Fig. 5, where the curves from the MPB
package are depicted as well. A maximum absolute error of 1%
is recorded in most cases, with few exceptions approaching 2%.
We now turn to the case where the layers above and below
the slab are of different refractive index. Such an asymmetric
photonic crystal slab still exhibits band gap effects [33], though
the guided modes can no longer be classified as even or odd,
due to the breaking of mirror symmetry. Fig. 6 depicts the dispersion curves for the three lowest order guided modes of a triangular lattice of air holes in an asymmetric slab. The air holes
are etched only through the guiding layer of
with radius
. The guiding layer refractive index is 3.6, the
thickness
substrate index is 1.5, and no material is placed on top [33]. A
truncates the upper air layer,
PEC boundary at a height of
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E

component for the square lattice of rods. The profile
Fig. 4. Real part of
corresponds to the first odd band at the M symmetry point.

Fig. 5. Band diagram for the triangular lattice of air holes in a high-index slab,
surrounded by an unpatterned lower index dielectric.

Fig. 3. Band diagram for the three lowest order modes for rods arranged in a
square lattice and suspended in air: (a) TE-like and (b) TM-like. (c) Convergence of results (point ) with respect to the number of degrees of freedom, for
the three lowest order TE-like modes (open circles) and TM-like modes (solid
circles).

X

the relative error for most values is less than 1%, while a small
number of values exhibit slightly higher values but still less than
2%. In all cases, it has been verified that an increase in mesh
density reduces the overall relative error to well below 1%.
Finally, we have assessed the computational efficiency (execution times) of the proposed method in comparison with both
the MPB package and MIT Electromagnetic Equation Propagation (MEEP), an open source implementation of the 3-D FDTD
method [34]. For the case of the rods arranged in a square lattice, the following computational times per wavevector were
for the prorecorded in a high-end desktop computer:
posed FEM technique (8052 degrees of freedom),
for
for the
the MPB code (64 64 128 planewaves), and
MEEP solution (with a spatial resolution of 26 cells per lattice
constant).
B. Waveguides

whereas the placement of the PEC boundary at a lower distance
of
is sufficient to capture the field variations in the structure. With a total of 1674 elements and 9207 degrees of freedom,

Having assessed the proposed methodology with photonic
crystal slabs, we turn our attention to the more complex case of
photonic crystal waveguides. As a first example we calculate the
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Fig. 6. Band structure of a triangular air-hole lattice, etched in a silicon-oninsulator (SOI) wafer.

dispersion relation for guided modes in a waveguide formed by
decreasing the radii of dielectric rods in a single row. This defect
symmetry direction in a square lattice of rods,
is along the
suspended in air [35]. Every single rod has a central segment of
height equal to and permittivity of 12, and extends above and
and
below with a permittivity equal to 2. The bulk radius is
. Since the photonic crystal symthe line defect radius is
metry is only broken in one direction, PBCs are applied perpendicular to the defect axis. PEC boundaries are used to truncate
the computational domain in the lateral and vertical directions.
The top and bottom boundaries are placed at a distance of
from the central rod segment, while the lateral PEC boundaries
are placed at a distance of four lattice constants at both sides.
The number of elements is 2868, resulting in a total of 15 764
degrees of freedom. Fig. 7 shows the waveguide dispersion relation, where only one odd symmetry (TM-like) mode is present.
is also
The dispersion relation for a line defect radius of
presented. The obtained results are in excellent agreement with
those reported in the literature [35]. The computational unit cell
(TM-like mode) field component, in the
distribution of the
cross section and in the plane that is perpendicular to the defect
axis and bisects a row of rods, are shown in Fig. 8.
A waveguide in a triangular lattice of air holes, etched in a
slab, is examined next [36]. The waveguide is made by leaving
direction (
guide).
out a single line of holes in the
, air
The lattice parameters are as follows: slab thickness
, and refractive index of the dielectric slab .
hole radius
Air is assumed at both sides of the slab. The PEC boundaries are
from the slab surfaces. PBCs are applaced at a distance of
plied at planes perpendicular to the defect axis. PEC boundaries
are also applied at a distance of five lattice constants at both
sides. A total of 2844 elements were used with 15 523 degrees
of freedom. The projected band diagram is shown in Fig. 9.
Two TE-like modes are found to exist in the bandgap, which are
furthermore distinguished by their lateral even–odd symmetry.
Excellent agreement with published results [36] has been confirmed as well.
The different kind of lateral symmetry for TE-like modes is
clearly illustrated in Figs. 10 and 11. The computational effi-
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Fig. 7. Projected band diagram for the reduced-radius rod-slab waveguide. The
odd symmetry (TM-like) guided modes for two defect rod radii are shown. The
computational unit cell is marked with dashed lines in the inset.

Fig. 8. Real part of E for a single defect row waveguide (defect radius is
0:14a), in a rectangular lattice of rods at the X point: (a) horizontal cross section
and (b) vertical cross section. The solid line indicates the high-index material,
whereas the dashed line represents the low-index material.

ciency is assessed also in the case of photonic crystal waveguides. For the case of the reduced-radius rod-slab waveguide,
for the
the computational times per wavevector were
proposed FEM technique (15 764 degrees of freedom),
for the MPB code (80 16 80 planewaves), and
for
the MEEP solution (with a spatial resolution of 14 cells per lattice constant).
IV. CONCLUSION
We have developed a new fast 3-D FEM analysis tool for band
diagram calculations of planar photonic crystal structures. Such
a macroelement configuration enables the use of 2-D mesh generation for their geometric description, where the third dimension is accounted for, using a higher order variation. Its applicability and accuracy are thoroughly demonstrated in a series
of examples, where the band diagrams of various kinds of photonic crystal slabs and waveguides are derived. A further exten-
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