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Abstract A formulation for the theoretical and numerical modeling ofelectromagnetic
wave propagation in graphene-comprising waveguides is presented, targeting applications
in the linear and nonlinear regime. Waveguide eigenmodes are rigorously calculated using
the finite-element method (FEM) in the linear regime and are subsequently used to extract
nonlinear properties in terms of the nonlinear Schrödinger equation framework. Graphene
sheets are naturally represented as sheet/2D media and are seamlessly implemented with
interface conditions in the FEM, thus greatly enhancing thecomputational efficiency. This
formulation is used to analyze the nonlinear performance ofseveral graphene-comprising
waveguide configurations in the optical band, including silicon-based photonic waveguides,
metal-based plasmonic waveguides and glass microfibers. Optimal design choices are iden-
tified for each configuration and subtle aspects of the FEM-based modeling, especially im-
portant for plasmonic waveguides, are highlighted.
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1 Introduction

Graphene is a 2D material that has attracted considerable attention in many research fields
due to its unique properties (Geim and Novoselov 2007; Novoselov et al 2012). Specifically,
one of the most interesting features for photonic and optoelectronic applications is the tun-
able conductivity of graphene, achieved by controlling itsFermi level (also called chemical
potential) by electrical gating (Vakil and Engheta 2011) orby strong magnetic fields. Various
optical devices based on graphene have been theoretically and experimentally investigated,
including photodetectors (Xia et al 2009), modulators (Liuet al 2011, 2012), mode locked
lasers (Sun et al 2010) and polarizers (Bao et al 2011). Recently, the experimental evidence
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of strong nonlinear response from graphene (Hendry et al 2010) led to considerable efforts
for the realization of a new generation of practical nonlinear photonic guided-wave devices
for all optical applications (Zhang et al 2012; Wu et al 2014). Despite the ensuing first-
principle theoretic predictions that toned down the initial expectations (Khurgin 2014), the
interest in this research field remains intense while the convergence between experiment and
theory is pending.

In this work we present a rigorous framework for the numerical modeling of graphene-
comprising nanophotonic waveguides (Xia et al 2014) both inthe linear regime, using a
Finite Element Method (FEM) (Volakis et al 1998) implementation, and in the nonlinear
regime, in terms of the so called nonlinear Schrödinger equations (NLSE) (Agrawal 2007).
A more generic formalism is outlined in (Boardman et al 2007;Rapoport and Grimalsky
2011; Rapoport 2014), called the method of nonlinear evolution equations in layered struc-
tures (NEELS), which can alternatively be used to model wavepropagation in structures
with arbitrary nonlinear sheet and bulk materials including bi-anisotropic layered meta-
materials, gyrotropic media, plasma, 2D electron gas (graphene) etc. In recent literature,
graphene is commonly implemented as an equivalent (or effective) isotropic bulk medium
layer of sub-nanometer thickness (Vakil and Engheta 2011).Using the FEM, this imple-
mentation usually leads to considerable memory requirements, especially for modeling of
3D structures. This equivalent bulk-medium representation may yield correct results if prop-
erly implemented, for instance using equivalent anisotropic susceptibility tensors, but it is
usually proven suboptimal as it treats an atom-thick material in a bulk fashion (Chatzidim-
itriou et al 2015). Therefore, we propose modeling two-dimensional materials like graphene
as infinitesimally thin sheets. Not only is this route more computationally efficient but, from
a physical perspective, it more naturally encapsulates the2D nature of sheet materials, tak-
ing fully into account their tensorial nature and the vectorproperties of the electromagnetic
fields.

Graphene exhibits high nonlinear response (Hendry et al 2010), an essential ingredi-
ent for all optical signal processing, which along with its thermal conductivity, mechanical
strength and compact nature can be used to design ultra-low footprint nonlinear photonic
devices. The main goal of this work is to study the propagation of bound electromagnetic
waves in waveguides comprising both bulk and sheet nonlinear materials. To this end, we
rigorously calculate the eigenmodes of these waveguides inthe linear regime and subse-
quently use them to extract the corresponding nonlinear parameters,γNL [m−1W−1], that
quantify their nonlinearity. For multimode waveguides or wavelength-division multiplexed
(WDM) signals, a set of nonlinear parameters can be extracted, leading to set of coupled
NLSE equations describing the propagation of multiple modes or signals, respectively (Piti-
lakis and Kriezis 2013). The nonlinear properties of sheet/2D materials like graphene are de-
scribed by a nonlinear surface conductivity, similarly to how nonlinear susceptibility is used
for bulk/3D materials. We show that the nonlinear parameterγNL can be eventually split into
two distinct contributions:γb andγs, for bulk and sheet materials, respectively. The formu-
las presented here correspond to third-order self-acting phenomena only, namely the optical
Kerr effect and the two-photon absorption (TPA). Nevertheless, the procedure described
is generic and can be extended to narrowband third-order phenomena such as four-wave
mixing (FWM) or to nonlinear processes of any order, such as second- or third-harmonic
generation, within the limits of our approximations. Furthermore, the same framework can
be directly used for modeling nonlinear propagation in graphene waveguides operated in the
Terahertz spectral region which support surface-plasmon polariton (SPP) modes (Nikitin
et al 2011; Bludov et al 2013). Finally, our formalism is usedin this work to study several
types of graphene-comprising optical waveguides (siliconwaveguides, plasmonic waveg-



3

uides and glass microfibers) in order to assess their nonlinear performance and identify
optimal configurations.

This paper is organized as follows: Section 2 contains the electromagnetic modeling
of graphene as a conductive sheet material; we discuss how graphene is introduced in
Maxwell’s curl equations in the absence of nonlinearity, weoutline the electromagnetic
properties of graphene, we present a complete implementation of 3D-FEM modeling of
structures containing both sheet and bulk media and, finally, we construct a set of coupled
NLSE equations to describe nonlinear pulse propagation in multimode waveguides. Section
3 presents a numerical investigation of the overall nonlinear performance of photonic and
plasmonic waveguide configurations with the addition of a graphene monolayer. Specifi-
cally, we study the impact of graphene placement on the ohmiclosses and third-order non-
linear response in the following waveguide configurations:silicon wire, silicon slot, metal
stripe, metal slot and glass microfiber. The conclusions of the paper follow in Section 4.

2 Theoretical and numerical formulation

2.1 Maxwell modeling of conductive sheet materials

Under the exp(−iωt) time harmonic convention, we can write Maxwell’s frequency-domain
curl equations as

∇× Ẽ =+iωµ0µ̄rH̃, (1a)

∇× H̃ =−iω(ε0Ẽ+ P̃)+ J̃, (1b)

whereP̃ and J̃ are the electric polarization and current density, respectively, and the bar
(as in µ̄) denotes a tensor inR3. If we do not consider any nonlinearity, the polarization
can be written as̃P = ε0χ̄(1)Ẽ, whereχ̄(1) = ε̄r − I3 is a second-rank tensor representing
the linear susceptibility andI3 is the identity 3×3 matrix. In waveguides comprising only
isotropic media, the tensor̄εr degenerates to a scalar value, i.e.εrI3; similarly, µ̄r = I3, as
optical materials typically do not exhibit magnetic properties. In the presence of conducting
bulk and sheet materials, like graphene, we can write the overall current density as a sum-
mation of their discreet contributionsJ = Jb + Jsδs(r), whereδs is an appropriate surface
Dirac function (Onural 2006) describing a surface, whileJb and Js are bulk and surface
current densities, in units of[A/m2] and[A/m], respectively. Both current densities can in
turn be expressed by Ohm’s law,J = σE, using the appropriate conductivity tensor which
corresponds to bulk or sheet materials. Furthermore, we canexpand the current density into
a power series in the time-domain fields

Jb = σ̄ (1)|E+ σ̄ (2)|EE+ σ̄ (3)|EEE+ . . . , (2)

Js = σ̄ (1)
s |E+ σ̄ (2)

s |EE+ σ̄ (3)
s |EEE+ . . . (3)

whereσ̄ (n) (bulk) andσ̄ (n)
s (surface) are complex-valued(n+1)-rank conductivity tensors

(in units of [(S/m)(m/V)n−1] and [S(m/V)n−1], respectively) analogous to the susceptibil-
ity tensorsχ̄(n). The first term of Eq. (2) and (3) is the linear contribution while the rest are
nonlinear contributions of increasing order. Without lossof generality, bulk-medium con-
ductivities can be introduced as an imaginary part to the susceptibility tensor of respective
rank and thusJb is usually absorbed byP in Eq. (1b).
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By default, incorporating 2D sheet materials in a vectorialR
3 formulation requires for

anisotropy considerations (Chatzidimitriou et al 2015) since the surface current densityJs

cannot have a component normal to the sheet surface. This important feature is contained in

the surface conductivity tensors,̄σ (n)
s , which are treated similarly tōχ(n) andσ̄ (n). Specifi-

cally, the full form of the arbitrarily oriented linear surface conductivity tensor̄σ (1)
s should

be calculated using a rotation from the reference coordinate system where the sheet mate-

rial tensor is typically expressed,̄σ (1)
s,ref. This is especially important when attributing surface

conductivity tensors to curved (non-planar) geometries. The rotation is carried out by the
matrix-multiplication formula

σ̄ (1)
s = R σ̄ (1)

s,ref RT , (4)

where the superscriptT denotes a matrix transpose. The rotation matrixR is a real-valued
3×3 array whose elements are direction cosines, defined by the angles between the corre-
sponding axes of the reference and the rotated (actual) coordinate systems. For the rotation
of the nonlinear fourth-rank conductivity tensor, a generalized expression (Butcher and Cot-
ter 1990) is employed

σ (3)
s, jklm =

xyz

∑
abcd

R jaRkbRlcRmd σ (3)
s,abcd,ref, (5)

involving multiple summation over the indices{a,b,c,d} that correspond to the cartesian
axes{x,y,z} of the reference coordinate system.Rpq is a scalar value, referring to thepq-
element of the rotation matrixR. The very same procedure can be employed to calculate the
rotation of anisotropic linear and nonlinear susceptibility tensors,χ̄(n), for instance when
a waveguide is fabricated along an arbitrary direction of a silicon crystal characterized by
nonlinear anisotropyρ 6= 1 (Daniel and Agrawal 2010).

Assuming that sheet media are typically positioned betweenbulk media, the interface
boundary conditions for the electric and magnetic fields are

n× (Ẽ2− Ẽ1) = 0, (6a)

n× (H̃2− H̃1) = J̃s, (6b)

wheren is the vector normal to the interface, with direction from medium 1 to medium 2.̃Js

is the surface current density which depends on the surface conductivity of the sheet medium
that occupies the interface. In the absence of a sheet media at the interface between two
bulk media, the RHS of Eq. (6b) vanishes, which enforces the continuity of the tangential
component of the H-field.

2.2 Electromagnetic properties of graphene

Due to its sheet nature, the linear surface conductivity tensor of graphene in its reference
orientation, i.e., in the 2D-crystal coordinate system, can only have up to four non-zero
elements. This stems from the fact that graphene cannot interact with the E-field component
that is normal to its surface. For example, a sheet normal to the x-axis would be described
by the surface conductivity tensor

σ̄ (1)
s =





0 0 0
0 σs,yy σs,yz

0 σs,zy σs,zz



 , (7)
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assuming thatxyz matches the crystal coordinate system. Additionally, in this work we as-
sume that there are no strong magnetic fields present that would give rise to the local Hall
effect (Bludov et al 2013; Stauber et al 2008) and, as a result, the off-diagonal elements of
Eq. (7) are zero. Moreover, if we also take into account the symmetry of graphene lattice
stating that the elements on the main diagonal of Eq. (7) are equal, we can then express the
surface current as

J̃s = σ̄ (1)
s Ẽ = σc Ẽ‖, (8)

where we replaced the general tensor expression of the linear conductivity with a scalar
complex surface conductivity (σc in Siemens) which only interacts with the E-field compo-
nents tangential to graphene,Ẽ‖ = n× (Ẽ× n), wheren is the outwards-pointing normal
vector of the graphene sheet. Equation (8) holds for any orientation (n) of a graphene sheet
that can be described by a single surface conductivity value(σc).

Starting with the linear properties of graphene, we note that its conductivity can be
tuned by changing the chemical potential (or Fermi level),µc, by either external electrostatic
biasing or chemical doping, at fabrication. This parametertypically ranges from zero, which
corresponds to undoped (pristine) and unbiased graphene, up to±1 eV (Hanson 2008). The
surface conductivityσc of graphene contains contributions from intraband and interband
transitions triggered by the absorption of photons of energy E = h̄ω and, as such, it can be
expressed with the sumσc = σc,intra+σc,inter. The intraband contribution term scales almost
linearly with µc and is given by the Drude-like expression (Falkovsky 2008; Hanson 2008)

σc,intra = i
e2µc

πh̄2(ω + i/τ1)
×T

(

µc

2kBT

)

, (9)

whereT (x) = x−1 ln[2cosh(x)], T is the absolute temperature,kB is the Boltzmann constant
and τ1 is the relaxation time for intraband absorption (Jablan et al 2009). In the optical
regimeτ1 ≈ 10 fs (Gu et al 2012), while for the THz regime at room temperatureτ1 ≈ 40 ps
(Otsuji et al 2012). For most practical configurations, the temperature-dependent term can
be dropped from Eq. (9), asT → 1 whenx > 1, i.e. whenµc > 0.05 eV for T = 300 K.
The intraband term is dominant in the THz regime where it contributes to a large imaginary
part inσc which, it turn, leads to a plasmonic behavior (Bludov et al 2013). The interband
term exhibits a pronounced transition whenµc is tuned near half the photon energy, and is
described by the following expression in the optical regime(Falkovsky 2008),

σc,inter =
e2

4h̄

{

1
2
+

1
π

tan−1
[

h̄ωc −2|µc|
2kBT

]

− i
2π

ln

[

(h̄ωc +2|µc|)2

(h̄ωc −2|µc|)2+(2kBT )2

]

}

. (10)

whereωc = ω + i/τ2 is the complex frequency,τ2 ≈ 1.2 ps is the relaxation time for inter-
band absorption (Gu et al 2012),T ≈ 300 K andµc > 0.1 eV. According to Eq. (10), the
real part of the interband term becomes negligible, greatlyincreasing the transparency of
the graphene sheet whenµc > 0.5h̄ω ; this can be exploited in voltage-controlled absorption
modulators (Liu et al 2011). Additionally, the imaginary part of the interband term exhibits
a local peaking atµc ≈ 0.5h̄ω which can be used in phase modulation (Midrio et al 2014;
Pitilakis et al 2015). Finally, we note the interband term istypically negligible in the THz
regime, except for undoped and unbiased graphene and/or lowtemperatures.

Moving on to describe the nonlinear properties of graphene,we note that our focus is

on its third-order nonlinear surface conductivity tensor,σ̄ (3)
s , in Eq. (3). In the most general
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case,σ̄ (3)
s can be described by the hexagonal symmetry groupD6h (6/mmm) (Chatzidim-

itriou et al 2015). If we additionally force that the nonlinear surface current density com-
ponent normal to the sheet is zero, then this symmetry group allows for up to 14 non-zero
elements of which only 6 can be independent. Further simplification can be made if we as-

sume that graphene is a 2D isotropic material, so thatσ̄ (3)
s would now have only 8 non-zero

elements that all depend on a single complex nonlinear surface conductivity value,σ3 in
S(m/V)2 units, according to

σ (3)
s, jklm = σ3

1
3

(

δ jkδlm +δ jmδkl +δ jlδmk
)

. (11)

In this expression,δuv is the Kronecker delta and{ j,k, l, p} correspond only to the cartesian
components that are tangential to the graphene sheet. For instance, when the sheet is normal

to they-axis thenσ (3)
s,xxxx ≡ σ (3)

s,zzzz = σ3 andσ (3)
s,kkll ≡ σ (3)

s,klkl ≡ σ (3)
s,kllk = σ3/3, where{k, l} =

{x,z}. We stress that the preceding features ofσ̄ (3)
s hold when the waveguide coordinate

system matches that of the 2D-crystal of graphene. If this isnot the case, then̄σ (3)
s should

be rotated from its reference orientation leading to a tensor that can have up to 81 non-zero
elements. In the optical frequencies, the scalar nonlinearsurface conductivity of graphene
can be approximated by (Hendry et al 2010)

σ3,opt =−i
9 e4 v2

F

32 ω4 h̄3 , (12)

wherevF ≈ c0/300 is the Fermi velocity in graphene. This expression does not include
TPA and has been derived under the conditionskBT < |µc|< h̄ω and the perturbation limits
|E| ≪ h̄ω2/(evF ) and|E| ≪ |µc|ω/(evF) for the electric field. A similar expression for the
THz regime can be acquired from Mikhailov and Ziegler (2008),

σ3,THz =−i
3 e4v2

F

32 ω3h̄2µc
. (13)

Concluding this subsection, we note that experimental measurements of the optical prop-
erties of graphene at the linear regime, especially its absorption related to Re{σc}, converge
well with the theoretical formulas presented here (Liu et al2011; Wu et al 2014). However,
that is not the case with the nonlinear optical properties, where experimental measurements
diverge considerably depending on the operating wavelength, measurement technique and
sample preparation (Cheng et al 2014).

2.3 Finite element implementation

In this section we employ the finite-element method (FEM) (Volakis et al 1998) in order to
model graphene-comprising waveguides in the linear regime. As opposed to bulk materi-
als, graphene is introduced as a conductive sheet and is therefore modeled through interface
conditions between two bulk media, Eq. (6). Following this approach we avoid modeling
graphene sheets as an equivalent ultra-thin bulk medium (Vakil and Engheta 2011). The im-
portance of such a choice is twofold: A Maxwellian macroscopic approach that treats an
atom-thick layer as a bulk medium is problematic from a physical perspective and, more
importantly, the discretization of regions with sub-nanometer sized geometric features will
produce an excessive number of degrees of freedom for the numerical problem. While the
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increased computational burden is manageable in a 2D geometries, it can become prohibitive
in 3D ones. Finally, we stress that patterned sheet materials exhibiting metal-like properties
(e.g. graphene nanoribbon waveguides in the THz band) may produce singular field distribu-
tion at their edges, which hinders numerical convergence oflinear and especially nonlinear
parameters. To avoid such complications in this work, we only consider infinite (or fully
wrapped) graphene sheets that have no edges.

In order to apply the Galerkin method we first assume that nonlinearities are absent,
i.e. bulk media and graphene sheets are solely described by their linear susceptibility and
surface conductivity tensors, respectively. We now take the curl of Eq. (1a) and replace it in
Eq. (1b), resulting in the vector wave equation

∇×
(

µ̄−1
r ∇× Ẽ

)

−ω2µ0ε0

(

I3+ χ̄(1)
)

Ẽ = iωµ0J̃. (14)

Furthermore, we split the current density into its bulk and surface components̃J = J̃b +
J̃sδs(r) and use Ohm’s Law to express them through their respective conductivity tensors,

σ̄ (1) andσ̄ (1)
s , leading to

∇×
(

µ̄−1
r ∇× Ẽ

)

− k2
0

(

I3+ χ̄(1)+ i
σ̄ (1)

ωε0

)

Ẽ = iωµ0σ̄ (1)
s Ẽδs(r). (15)

We then assume the inner product of vector Eq. (15) with an appropriate test functioñEα and
integrate over the entire volume of the problem,V . After some vector algebra, the resulting
Galerkin formulation is

∫∫∫

V
(∇× Ẽα) · [µ̄−1

r (∇× Ẽ)]− k2
0Ẽα · [ε̄r Ẽ] dV = iωµ0

∫∫

S
Ẽα · [σ̄ (1)

s Ẽ] dS, (16)

where we used integration by parts, assumed that the E-field vanishes on the external bound-
ary of V and finally substituted̄εr = I3+ χ̄(1)+ iσ̄ (1)/(ωε0). Examining Eq. (16) we note
that its LHS and RHS involve only bulk and sheet medium properties, respectively, and that
the triple integration degenerates to a double integrationon the graphene surface in the RHS,
due to the surface Dirac function. Moreover, assuming the simplest form of the linear sur-
face conductivity tensor, Eq. (8), we can make the followingsimplification in the RHS of
Eq. (16):

∫∫

S
Ẽα · [σ̄ (1)

s Ẽ] dS = σc

∫∫

S
(n× Ẽα) · (n× Ẽ) dS. (17)

Using this expression, all the information of the tensorσ̄ (1)
s is now contained inσc andn,

the scalar surface conductivity of graphene and the normal vector, respectively. These can
vary within the problem space, describing inhomogeneous and/or arbitrarily oriented sheets.
Note that although the RHS of Eq. (17) is derived from a simplified case of the more general
conductivity expression, our formalism described by Eq. (16) can handle any form of the

σ̄ (1)
s tensor.

The formulation presented here can be directly used for full3D-FEM modeling but can
also be adjusted straightforwardly for 2D applications. Specifically, when the problem space
is 2D, for example a plane, then the volume and surface integrals in Eq. (16) are substituted
by surface and line integrals, respectively. In Sections 2.4 and 3 we will investigate non-
linear propagation in longitudinally invariant waveguides thus we are going to utilize the
FEM presented here for waveguide eigenmode analysis. To this end, we will adopt the 2D
form of Eq. (16) since the problem space is the waveguide cross-section (xy plane), thus
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casting the electric field as̃E = e(x,y)exp(ineffk0z), wheree(x,y) is the transverse spectral
envelope of a guided mode andneff is its complex valued effective index, for a specified
radiation wavelength. Making this substitution in Eq. (16), we can formulate the waveguide
eigenmode problem and extract the effective indices (eigenvalues) and respective transverse
field envelopes (eigenvectors) of all supported modes, respectively. The linear eigenmode
properties will be used in Section 2.4 to numerically calculate the corresponding nonlinear
properties.

2.4 Nonlinear propagation

In this section we derive a set of coupled equations in the NLSE framework (Pitilakis and
Kriezis 2013) that describe the propagation in multimode nonlinear waveguides, in the pres-
ence of nonlinear bulk and sheet materials. Our ultimate intent is to appraise the nonlinear
performance of graphene-comprising waveguides, thus we present here formulae for the cal-
culation of the nonlinear parameters for the waveguide modes, γNL = γb+ γs, that combine
the contribution of both bulk (γb) and sheet (γs) nonlinear materials. The nonlinear param-
eter on its own is not sufficient for the assessment of the overall nonlinear performance of
a waveguide design, since the linear and nonlinear losses can severely impair nonlinear op-
eration by limiting the optical power. A more reliable measure is obtained by multiplying
γNL with the propagation lengthLprop, defined asLprop= λ/(4πIm{neff}) or equivalently as
the propagation distance at which the power drops to 1/e; the larger theLprop the lower the
mode attenuation. This figure of merit, FoM= γNLLprop, is expressed in units of W−1 and
is inversely proportional to the threshold power required for the manifestation of Kerr-type
nonlinear effects (Pitilakis and Kriezis 2013).

The inclusion of nonlinearity will be effectuated via the customary perturbative fashion,
based on the linear solution of Maxwell’s wave equations. The overall electric polarization
and current density in Eq. (1) are both written as the sum of linear and nonlinear contri-
butions,P̃ = P̃lin + P̃NL and J̃ = J̃lin + J̃NL , respectively. Please note that the linear terms
and the subsequent linear solution have already been discussed in Sections 2.1, 2.2 and 2.3.
Substituting the polarization and current density into Eqs. (1) we arrive at the following
frequency domain equations,

∇× Ẽ =+iωµ0µ̄rH̃, (18a)

∇× H̃ =−iω
(

ε0ε̄rẼ+
i
ω

J̃lin

)

− iω
(

P̃NL +
i
ω

J̃NL

)

. (18b)

Notice how, compared to Eq. (5) of Afshar Vahid and Monro (2009) or Eq. (3) of Daniel
and Agrawal (2010), the nonlinear current is added to the nonlinear polarization forming
the overall perturbative term̃P′

NL(ω) = P̃NL + iω−1J̃NL . Thus, the waveguide nonlinear pa-
rameterγNL will be the sum of two distinct contributions that originatefrom bulk and sheet
nonlinear materials that are modeled through nonlinear susceptibility and surface conduc-
tivity, respectively.

Following the formalism in Afshar Vahid and Monro (2009), weconstruct the vector
function

F̃ = Ẽ0× H̃∗+ Ẽ∗× H̃0, (19)

whereẼ0, H̃0 denote the unperturbed fields in the linear regime andẼ, H̃ the overall per-
turbed fields. Equation (19) stems from the Lorentz reciprocity lemma (Snyder and Love
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1983) and is also used in the method NEELS (Rapoport 2014); the latter is the develop-
ment, for the nonlinear case, of the analytical method describing the linear excitations of the
waveguide and opened resonators by external sources (Collin 1990). In order to construct
a propagation equation set for the multimode waveguide, we will need to consider each
forward propagating waveguide mode in turn. To this end, we assume that the unperturbed
fields correspond to thepth mode, so that the E-field is expressed as

Ẽ0(r,ω0) =
e(p)(x,y,ω0)
√

Np
eiβ (p)

0 z. (20)

Now, the overall perturbed fields are cast as an orthonormal expansion of all forward prop-
agating waveguide modes,

Ẽ(r,ω) =
M

∑
q=1

Ãm(z,ω −ω0)
e(q)(x,y,ω0)
√

Nq
eiβ (q)

0 z. (21)

In Eqs. (20) and (21):ω0 is the operating frequency,e(p) is the transverse envelope profile,
β (p)

0 is the real part of the mode propagation constant atω0 (we assume that the losses
are low enough to be separately included later) andÃp is the slowly varying (baseband)
spectral field envelope that contains both linear dispersion and nonlinear perturbation. The
waveguide mode profiles are calculated through linear eigenmode analysis of the waveguide
cross-section, applying the theory and numerical techniques described in Sections 2.1, 2.2
and 2.3. The normalization constantNp is measured in Watts, so that|Ãp|2 represents power,
and is given byNp = 0.5|∫∫ (e(p)×h(p)∗) ·zdS|; the integral is calculated over the waveguide
cross-section while the integrand corresponds to the time-averaged guided power density,
derived from the Poynting vector. The normalization constant Np can be related to the mode
orthogonality (Snyder and Love 1983) that holds for lossless and low loss waveguides alike.

Having associated the perturbed and unperturbed fields through F̃, we now apply the
conjugated reciprocal theorem over the waveguide cross-sectional plane,

∫∫

∇ · F̃ dS =
∂
∂ z

∫∫

F̃ · ẑ dS. (22)

To construct the final set of propagation equations in the time-domain, we combine Eqs. (18)
through (22) using the vector identity∇ · (Ẽ0× H̃∗) = H̃∗ · (∇× Ẽ0)− Ẽ0 · (∇× H̃∗), we as-
sume that the nonlinear terms have instantaneous response around ω0 and we apply the
inverse Fourier transform, finally arriving at

∂ Ap

∂ z
=

∞

∑
n=1

in+1

n!
β (p)

n
∂ n

∂ tn Ap +
iω0eiω0t

2
√

4Np
e−iβ (p)

0 z×

×
[(

1+
i

ω0

∂
∂ t

)

∫∫

e(p)∗ ·PNLdS+
i

ω0

∫∫

e(p)∗ ·JNLdS

]

, (23)

whereβ (p)
n is the nth derivative of thepth mode propagation constant with respect toω

evaluated atω0. Note that the∂/∂ t only appears in the polarization term, since in Eq. (1)
the current densitỹJ has no time derivative, so we can infer that nonlinear current densi-
ties have no contribution to self-steepening phenomena (Agrawal 2007). In this work we
focus on graphene which is modeled through a nonlinear sheetcurrent, so we will entirely
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drop the time-derivative term from Eq. (23). Finally, note that Eq. (23) does not include lin-
ear attenuation terms, which will be added heuristically inwhat follows, assuming that the
propagation length is typically much larger than the radiation wavelength.

The NLSE set described by Eq. (23) is general in the sense thatit holds for any in-
stantaneous nonlinear process originating in bulk and sheet media; a similar formulation
can be derived within the framework of the NEELS method Rapoport (2014). Specializing
Eq. (23) for electromagnetic propagation in graphene-comprising waveguides, we need to
define the form of nonlinear surface current density on graphene. Even order processes in
Eq. (3) identically vanish owing to the unit cell symmetry ofgraphene, thus leaving the third
order nonlinearity as the dominant contribution. Thus, we can express the nonlinear surface

current density asJNL = δs(r)Js,NL = δs(r)σ̄
(3)
s |EEE where the vertical bar denotes tenso-

rial multiplication. For narrowband third order nonlineareffects (Kerr/TPA and FWM), the
jth cartesian component of the nonlinear surface current density is

Js, j,NL = Js,NL · j =
3
4

xyz

∑
klm

σ (3)
s, jklmEkE∗

l Em, (24)

where the subscripts{ j,k, l,m} denote cartesian components, i.e.{x,y,z}, andσ (3)
s, jklm are the

81 complex-valued elements of the fourth-rank tensorσ̄ (3)
s discussed in Section 2.2. Simi-

larly, the nonlinear polarization is expressed through thethird-order nonlinear susceptibility
for bulk materials as (Boyd 2008)

Pj,NL = PNL · j =
3
4

xyz

∑
klm

χ(3)
jklmEkE∗

l Em. (25)

Having definedJNL for graphene, we combine Eqs. (20)-(21) and (23)-(25) to extract a
set of coupled NLSE that describe the simultaneous propagation of M modes in a graphene
comprising waveguide

∂ Ap

∂ z
=−αp

2
Ap +

∞

∑
n=1

in+1

n!
β (p)

n
∂ n

∂ tn Ap + i
M

∑
abc=1

γpabcei∆βpabczAaA∗
bAc, (26)

whereγpabc = γ(bulk)
pabc + γ(sheet)

pabc is the total nonlinear parameter and the indices{p,a,b,c}
denote the modes of the waveguide.γpabc can correspond to nonlinear processes like FWM,
self-phase or cross-phase modulation, depending on the indices{p,a,b,c}, (Pitilakis and
Kriezis 2013). Bulk and sheet contributions, in their most general form, are given by

γ(bulk)
pabc =

3ω0ε0

16
√

NpNaNbNc

xyz

∑
jklm

∫∫

χ(3)
jklme(p)∗

j e(a)k e(b)∗l e(c)m dS, (27a)

γ(sheet)
pabc =

3i

16
√

NpNaNbNc

xyz

∑
jklm

∫

σ (3)
s, jklme(p)∗

j e(a)k e(b)∗l e(c)m dℓ, (27b)

where ∆βpabc = −β (p)
0 + β (a)

0 − β (b)
0 + β (c)

0 represents phase mismatch and is real val-
ued owing to howβ0 was defined. Equation (26) also includes linear losses introduced
heuristically, whereαp is the linear power absorption coefficient of the mode definedas
αp = 4πIm{neff}/λ = 1/Lprop. Note how the double integration on the bulk surface cur-
rentJNL in Eq. (23) was converted into a line integration along the trace of graphene sheet
on the waveguide cross section, through the surface Dirac function. Furthermore, we can
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observe that Eq. (26) contains distinct terms associated with bulk and sheet nonlinear mate-
rials, which will eventually lead to distinct complex-valued nonlinear parameters, Eqs. (27).

While the real part ofχ(3)
jklm is responsible for the nonlinear phase-shift in bulk materials, it

is the imaginary part ofσ (3)
s, jklm that produces the same response in sheet materials. Similarly,

the introduction of TPA from graphene could be readily realized through the real part of its
nonlinear conductivity. However, due to lack of sufficient experimental and theoretical data,
TPA will be excluded from the calculations in this work.

Finally, we present the simplest version of Eq. (26) corresponding to a singlemode
waveguide,

∂ A
∂ z

=−α
2

A+
∞

∑
n=1

in+1

n!
βn

∂ n

∂ tn A+ i(γb + γs)|A|2A, (28)

using also the simplest versions of the sheet (γs) and bulk (γb) nonlinear parameters of
Eqs. (27),

γb =
ω0ε0

(2N)2

∫∫

χ3

(

1
2
|e|4+ 1

4
|e · e|2

)

dS, (29a)

γs = i
1

(2N)2

∫

σ3

(

1
2
|e‖|4+

1
4
|e‖ · e‖|2

)

dℓ. (29b)

In Eq. (29a), bulk material nonlinearity is assumed isotropic and is expressed through the
complex scalar valueχ3 = (4/3)c0ε0n2

0n2, wheren2 (m2/W) is the complex-valued non-
linear index, whose real and imaginary parts quantify the Kerr-effect and TPA magnitude,
respectively (Daniel and Agrawal 2010). In Eq. (29b), we have adopted the simplest form of

the nonlinear surface conductivity tensorσ̄ (3)
s , Eq. (11), depending on a singleσ3 value.

3 Linear and nonlinear waveguide calculations

In this section we will study representative examples from three families of optical waveg-
uides: High index-contrast integrated waveguides represented by silicon wire and slot con-
figurations, Fig. 1(a)-(b); plasmonic waveguides in stripeand slot configurations, Fig. 1(c)-
(d); low index-contrast waveguides such as glass microfibers, Fig. 1(e). Graphene sheets
will be added to these waveguides and several arrangements will be discussed in order to
identify optimal designs and parameter choices for nonlinear applications.

Our focus is in the near infrared (NIR) spectral region,λ = 1550 nm, where graphene
sheets only negligibly affect waveguiding, owing to the relatively small Im{σc}. This pertur-
bative behavior of graphene in the NIR region is in stark contrast to the THz region, where
its metal-like properties are so pronounced that it can guide SPP waves along its own surface
(Bludov et al 2013). In all the simulations performed in thissection, unless otherwise stated,
we assume homogeneous, flat and unpatterned graphene monolayers at room temperature
(T = 300 K) and at a chemical potential ofµc = 0.5 eV; please note that forµc > 0.4 eV
the interband absorption mechanism atλ = 1550 nm is negligible, significantly reducing
waveguide losses. In this case, using the formulas and parameters presented in Section 2.2,
Eqs. (9), (10) and (12), the linear and nonlinear surface conductivity of graphene monolayers
areσc = 8.92+ i5.78 µS andσ3 =−i7.21×10−23 S(m/V)2, respectively.
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Silver (0.145+11.4 )`i
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(e) Micro!ber

w

w

t

w

t

w

g

2` `r

Fig. 1 (a)-(b) Silicon wire and slot configurations, (c)-(d) metalstripe and slot plasmonic waveguides clad
with either air or PMMA, (e) glass microfiber. Critical dimensions for each waveguide are annotated on the
figures and material color-key along with their refractive indices are given in the bottom right panel. Graphene
sheets are not displayed in this figure.

3.1 Silicon waveguides

Silicon on insulator (SOI) is the de facto platform for integrated photonics, mature from the
fabrication standpoint and compatible with CMOS microelectronic technology. The strong
index contrast between silicon and oxide/air can be exploited in fabricating subwavelength
waveguides that provide increased mode confinement which, combined with high nonlinear
index of silicon,n2 = 2.5×10−18 m2/W (Daniel and Agrawal 2010), leads to considerable
nonlinear performance.

For our first example, we assume a 340 nm-thick silicon wire (n = 3.45) over an oxide
substrate (n = 1.45). The waveguide is covered with PMMA (n = 1.49) forming a flat sur-
face at a distanceg = 20 nm from the top of the underlying silicon wire, Fig. 1(a), where
an infinite graphene monolayer is located. We numerically extract the TE and TM eigen-
modes supported by this graphene-comprising waveguide andcalculate: their nonlinear pa-
rameters attributed to bulk-silicon (γb) and graphene-sheet (γs) contributions, Fig. 2(a); their
graphene-conductivity induced propagation losses, Fig. 2(b); their nonlinear FoM, Fig. 2(c).
Firstly, we note that the trend of the red curves forγs and losses is the same, i.e., increased
nonlinearity is always accompanied by increased losses forgraphene. Peaks in these curves
designate waveguide designs where the mode interacts strongly with graphene, as a result of
the increased confinement of the E-field tangential to the sheet. Furthermore, the nonlinear
figure-of-merit stemming from graphene nonlinearity and losses, FoM= γsLprop, is more
strongly affected byγs, as depicted by the red curves of Fig. 2(c) that rise as the Si-width
decreases. In comparison to regular Si-wire waveguides without graphene, we notice that
the graphene-sheet nonlinear parameter is about ten times smaller than the bulk-silicon one.
Moreover, state of the art Si-wire losses stemming mostly from fabrication imperfections are
in the order of 0.1 dB/mm (1 dB/cm), i.e. one to two orders of magnitude smallercompared
to graphene losses, Fig. 2(b). This two-fold superiority ofregular Si-wire waveguides with-
out graphene is reflected on the FoM which, for their case, is typically larger than 1 W−1

(Pitilakis and Kriezis 2013) but is considerably decreasedwhen graphene is added, Fig. 2(c).
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Fig. 2 (a) Nonlinear parameters attributed to bulk-silicon and graphene-sheet contributions; TE and TM
modes are depicted with solid and dotted curves, respectively. (b) Propagation losses owing to graphene
conductivity; inset depicts the placement of the graphene sheet with the red horizontal line; current state of the
art for Si-wire losses is approximately 0.1 dB/mm. (c) Overall figure-of-merit,γNLLprop, taking into account
either the total nonlinear parameter, black curves, or justthe graphene nonlinear parameter, red curves.
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Fig. 3 Electric field distribution in the waveguide cross-section, xy-plane. Si-wire is 400 nm wide and 340 nm
thick, covered with PMMA and a graphene sheet (thick horizontal red line), leaving a 20 nm-thick PMMA gap
between wire and graphene. (a)-(c)x-, y- andz-components of the TE mode; (d)-(f)x-, y- andz-components
of the TM mode.

Commenting on the polarization dependence exhibited by this waveguide, Fig. 2, one
would intuitively expect the TE mode to have stronger interaction with graphene compared
to the TM mode, owing to its strongerx-component, Fig. 3(a)vs. 3(d), and thus have higher
losses and nonlinearity. However, that is not the case and this can be attributed to the lon-
gitudinal z-component of the E-field, which is stronger on the graphene sheet for the TM
mode, Fig. 3(f). Consequently, in order to maximize the interaction of TE-polarized modes
with graphene, the horizontal sheet should be displaced towards the center of the Si-wire
whereEx is most intense. As for maximizing the interaction of TM-polarized modes with
graphene, placing the sheet exactly on the top face of the Si-wire is actually the optimal
choice.

Seeking to optimize silicon-based graphene-comprising waveguides, we presently turn
to the slot design, Fig. 1(b) (Koos et al 2007). The E-field in this waveguide is TE-polarized
and strongly confined inside the narrow low-index slot formed between two high-index sil-
icon ridges. Mode confinement increases for slot materials with lower refractive indices so
we dismiss PMMA for this design and assume an air-filled slot design where a flat graphene
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Fig. 4 Parametric investigation of the TE mode supported by the slot waveguide formed by two 400 nm-wide
Si-wires as a function of the slot width, for three Si-wire thicknesses. (a) Nonlinear parameter of graphene
sheet, (b) propagation losses, (c) overall FoM assuming: the total nonlinear parameter, black curves, or only
graphene nonlinear parameter, red curves.

sheet is placed horizontally on top of the two 400 nm-wide Si-wires, as depicted in the
inset of Fig. 4(a). The intensity distribution of the dominant transverse component of the
TE-polarized mode supported by this waveguide,|Ex(x,y)|2, is depicted in the inset of
Fig. 4(c). We numerically extract its linear and nonlinear properties as a function of the
slot width, for the fabrication standard Si-wire thicknesses of 340, 220 and 160 nm. Evi-
dently, the graphene nonlinear parameter increases as the slot width and wire thickness de-
crease, Fig. 4(a), whereas the bulk nonlinear parameter originating from silicon (not shown)
remains approximately constant atγb ≈ 40-65 m−1W−1 for all configurations. The over-
all FoM, dominated by graphene nonlinearity for slot widthsbelow 50 nm, reaches up to
FoM= 0.1 W−1 thus offering a slight improvement compared to the graphene-comprising
Si-wire waveguide previously discussed. As with the Si-wire, we note that the FoM has a
greater dependance onγs compared to graphene losses. Finally, further tuning the geometric
parameters of the slot design, for example decreasing the Si-wire width or considering even
narrower slots, might provide a small improvement to nonlinear performance in terms of the
FoM, but it detracts from practical implementations.

3.2 Plasmonic waveguides

Plasmonic waveguides can be formed at the interfaces between dielectrics and materials
characterized by a relative dielectric permittivity (εr) with a negative real part of large ab-
solute value; the E-field of the so called SPP waves is polarized perpendicularly to these
interfaces and is strongly confined to it. In the NIR spectralregion, metals are known to
exhibit this behavior, i.e., Re{εr} ≪ −1, but theirεr also contains a non-negligible imag-
inary part related to absorption. Consequently, SPP waves suffer considerable propagation
losses even though they penetrate little into the metal. Interestingly, graphene exhibits such
metal-like properties in the THz region and is thus capable to support plasmonic modes,
as has been theoretically proposed, for example with air-suspended nanoribbon waveguides
(Nikitin et al 2011). For the 1550 nm band, silver (Ag) withεr =−130+3.3i is an excellent
candidate for SPP waveguides as it leads to lower losses compared to gold or copper.

In this Section, we will consider the two main archetypes of plasmonic 3D waveguides:
the stripe and slot configurations, Fig. 1(c) and 1(d), respectively. The former consists of a
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(a) Flat / bottom

(d) Flat / bottom

(b) Flat / top

(e) Flat / top

(c) Blanket

(f) Blanket

Fig. 5 Possible placement of graphene sheet (thick red lines) withrespect to metal film for (a)-(c) stripe and
(d)-(f) slot plasmonic waveguides. Air and PMMA cladding isconsidered for configurations (a), (d) and (e).
The color-key for the bulk materials is the same as in Fig. 1.

20 nm-thick and 1µm-wide silver stripe on top of an oxide substrate and clad with either air
or PMMA; the latter consists of a 50 nm-wide slot on a 20 nm-thick silver stripe, also clad
with either air or PMMA. The symmetry of substrate and cladding bulk dielectrics affects
the plasmonic mode losses and confinement; that is why PMMA was chosen as a cladding
material, having a refractive index close to that of the silicon dioxide substrate. Graphene
will be added to these plasmonic waveguides and we will numerically calculate their linear
and nonlinear properties. In this way, we will identify the optimal placement of the graphene
sheet, namely under or over the metal film layer as in Fig. 5, that maximizes its interaction
with the plasmonic mode. In both stripe and slot configurations, when the graphene is placed
over the metal and the structure is coated with PMMA, the graphene sheet can be pressed
down thus assuming the relief underneath it, i.e., it “blankets” the metal, as in Fig. 5(c) and
5(f), or, detailed, in Fig. 6. Nevertheless, we will also consider the slot configuration where
the graphene sheet covering a narrow slot remains flat despite the pressure of the PMMA
cladding as in Fig. 5(e).

At this point, we stress that when modeling plasmonic waveguides with the FEM, acute
geometric features on the metal/dielectric interfaces, e.g. the right angles at the corners of
the metal layers, Fig. 6(a), lead to singularities manifesting as increased mode confinement
there; the singularities are more pronounced as the angle becomes more acute (Pitilakis and
Kriezis 2013). Consequently, as graphene sheets are placednear (or on) those features, we
noticed that the line integral for the calculation ofγs from the tangential field components,
for example through Eq. (29b), does not numerically converge. Moreover, this fact also re-
veals thatγs is dominated by the E-field that is highly-localized on theseacute features. To
address these issues, as well as to realistically model fabricated structures, all right angles of
the metal layers are rounded assuming quarter-circle segments (“fillets”) of rc = 2 nm cur-
vature radius, Fig. 6(b). Closing this remark, we point out that the aforementioned features
do not significantly affect the convergence of the linear mode properties in these waveg-
uides, namely the effective indexneff or the propagation length; only the parameters that
depend on mode confinement close to the singularities are affected. A similar problem is
expected when modeling patterned graphene sheets in the THzband, for example graphene
nanoribbon waveguides which resemble plasmonic metal stripe waveguides: the singular
mode distribution at the two edges of the nanoribbon leads toextremely high calculated
nonlinear parameter (Chatzidimitriou et al 2015) that moreover converges slowly. The pre-
viously described fillet technique can not be applied to these sheet media, so modeling them
using ultra-thin bulk medium layers (with fillets) is the surest way to achieve converged
results at the expense of computational burden. In any case,we do not deal with graphene
sheets in the THz band in the present work.

Before we look into the nonlinear parameter calculation forthe stripe and slot plasmonic
optical waveguides, we will assess their linear attenuation which also plays an important role
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(a) Acute (b) Rounded

Fig. 6 Detail of graphene-blanketed metal
stripe with (a) acute or (b) rounded corners,
also called fillets. The structure is clad with
PMMA that presses down the graphene sheet
(thick red line) and forms an air pocket in (b).
We used curvature radiusrc = 2 nm in all the
simulations performed in this section.

in nonlinear optics. Propagation losses in these high confinement waveguides were found to
be dominated by the bulk conductivity of the metal (silver).When all graphene sheets are re-
moved, the propagation lengths of the air-clad stripe and slot waveguides are 45 and 13µm,
respectively; for the PMMA-clad configurations, the propagation lengths are decreased to
20 and 10µm for stripe and slot configurations, respectively. Therefore, in the simulations
that follow, we have switched-off the silver conductivity,assumingεr = −130 or, equiva-
lently, n = i11.4. In this way, the propagation length extracted by our eigenmode solver is
only due to graphene surface conductivity, Re{σc}. In all cases, we verified that the overall
propagation length can be approximated fairly well byL−1

prop,T = L−1
prop,b +L−1

prop,s, where the
propagation length due to sheet (or bulk) conductivity,Lprop,s (or Lprop,b), is calculated from
the eigenmode solver with the bulk (or sheet) conductivity switched off. This approximation
stands as long as graphene negligibly perturbs the mode profile, which was always the case
for the infrared wavelength band and for the graphene parameters employed.

We start with the stripe plasmonic waveguide which, dominated by metal/dielectric in-
terfaces normal to they-axis, supports TM-polarized modes. For nonlinear applications, we
will utilize the y-antisymmetric TM mode, Fig. 7(a)-(c), characterized by high confinement
and increased losses. In fact, this mode can be deconstructed as the superposition of the
edge SPP modes supported by two semi-infinite metal stripes,merged to form a finite-width
stripe. On a side note, the low-loss (or “long-range”)y-symmetric TM mode commonly
employed in integrated plasmonic components is far less confined and additionally requires
wider metal stripes; the symmetric mode is inferior to the antisymmetric one in terms of the
overall nonlinear FoM and, as explained, it considerably increases the waveguide dimen-
sions, thus forfeiting the subwavelength plasmonic trait.Returning to the antisymmetric
TM mode, we note that its confinement (especially localized on the four rounded corners
of the metal layer) increases as the metal stripe thickness and width decreases; the 20 nm
thickness and 1µm width were chosen as realistic lower limits in state of the art fabrication
techniques. Proceeding to the presentation of our results for the plasmonic stripe configura-
tions, Fig. 5(a)-(c), the first four rows of Table 1 contain the nonlinear parameter (γNL = γs),
the sheet and total propagation lengths (Lprop,s andLprop,T ) and the overall FoM= γNLLprop,T .
As pointed out, the propagation length due to graphene-sheet conductivity is much higher
than the one for bulk-silver conductivity, meaning that thelatter will eventually dominate.
In this sense, one should only seek to maximize theγNL , which is higher when graphene is
placed on the side of the metal in contact with the higher-index dielectric. The best perform-
ing configuration is the one where graphene blankets the metal stripe, but the overall FoM
is less than 0.01 W−1 when both bulk and sheet conductivity losses are accounted for.

Subsequently, we assess the performance of the plasmonic slot configuration, formed
by a 50 nm-wide slot on a 20 nm-thick silver film. This waveguide supports a TE-mode
(x-polarized), highly confined inside the slot, Fig. 7(d)-(f). Similarly to the stripe configura-
tion, this mode can be considered as a superposition of two edge SPP modes supported by
semi-infinite metal stripes, and its confinement increases as the slot width and metal thick-
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Table 1 Nonlinear performance of graphene-comprising plasmonic waveguides, namely the 1µm-wide
stripe and 50 nm-wide slot configurations. In all cases, the substrate is silicon oxide and the metal is 20 nm-
thick silver, with all its corners rounded with a 2 nm curvature radius.

Type Graphene [Fig.] Cladding γNL (m−1W−1) Lp,s (µm) Lp,T (µm) FoM (W−1)

Stripe Flat/Bottom [5(a)] Air 2.12×102 212 37 0.0079
Stripe Flat/Bottom [5(a)] PMMA 3.68×102 118 17 0.0063
Stripe Flat/Top [5(b)] Air 0.84×102 264 38 0.0032
Stripe Blanket/Top [5(c)] PMMA 5.65×102 111 17 0.0096

Slot Flat/Bottom [5(d)] Air 2.66×104 19.7 7.8 0.2083
Slot Flat/Bottom [5(d)] PMMA 1.90×104 25.5 7.2 0.1365
Slot Flat/Top [5(e)] Air 1.97×104 20.7 8.0 0.1573
Slot Flat/Top [5(e)] PMMA 2.38×104 24.0 7.1 0.1680
Slot Blanket/Top [5(f)] PMMA 2.68×104 23.8 7.0 0.1887

ness decreases. The last five rows of Table 1 contain the nonlinear parameter, propagation
lengths (sheet and total) and overall FoM, for the plasmonicslot configurations presented in
Fig. 5(d)-(f). We note that theγNL is considerably increased compared to the stripe config-
urations, whereas the total propagation length is only fractionally diminished; the net effect
is a FoM twenty times higher, up to 0.2 W−1. Finally, it can be inferred that, for the plas-
monic slot waveguide, the graphene placement, top or bottom, and the cladding material
only marginally affect the nonlinear performance.

3.3 Microfiber waveguides

In this last subsection, we will focus on low index-contrastdielectric waveguides and specif-
ically on a glass microfiber residing on a magnesium fluoride (MgF2) substrate, Fig. 1(e).

As with all the previously studied optical waveguides, graphene acts as a perturbation
to the microfiber waveguide, having a negligible impact on Re{neff}. However, its effect on
propagation losses and sheet nonlinearity is important, especially when graphene interacts
strongly with the E-field of the mode. This takes place when the fundamental microfiber
mode is weakly guided, for example for small radii; in this case, the mode is not highly
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induced propagations losses for the previously mentioned arrangements, respectively.

confined inside the glass core and is thus allowed to overlap with graphene. On the other
hand, the microfiber radius should ber > 1.1 µm atλ = 1550 nm to avoid leaking into the
MgF2 substrate, i.e. to ascertain that Re{neff} > 1.37 for both polarizations. In the simula-
tions performed in this section we assumed a bulk nonlinearity of n2 = 2.7×10−20 m2/W
for the fiberglass and zero for the MgF2 substrate.

Figure 8 presents theγNL andLprop for thex- andy-polarized modes of the microfiber as
a function of its radius, for three arrangements of the graphene sheet depicted in the insets
with thick red lines. The simplest setup, where a graphene sheet covers the MgF2 substrate
before the microfiber is positioned, is presented in Figs. 8(a) and (d). We note: firstly, that
the bulk fiberglass nonlinearity is almost identical for thex- andy-polarized modes (dotted
and solid black curves cannot be distinguished in the figure)and is larger than graphene
sheet nonlinearity; secondly, that there is a difference between the two polarizations, with
thex-polarized mode interacting more strongly with graphene; thirdly, thatγs decreases (and
Lprop increases) considerably as the microfiber radius increases. State of the art attenuation
in glass microfibers is in the order of 1 dB/m (Leon-Saval et al2004) and so the aggregate
waveguide losses are dominated by graphene conductivity. This, along with the fact that
fiberglass bulk nonlinearity dominates over sheet nonlinearity, is reflected on the overall
FoM (not shown) which is higher for the low-lossy-polarized mode and increases as the
radius increases, but barely exceeds 0.01 W−1 for r > 3.5 µm.

This graphene-comprising microfiber waveguide configuration was recently used in a
FWM experiment (Wu et al 2014) providing evidence of strong nonlinear response from
graphene: When the MgF2 substrate was covered by a graphene sheet before depositinga
r = 1.1 µm microfiber, i.e., as in the inset of Fig. 8(d), then the FWM-generated power at
the idler wavelength was increased by as much as 30 dB compared to the case of the mi-
crofiber residing on a bare MgF2 substrate, Fig. 1(e). Assuming the optical power levels (P≈
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100 mW), the measured graphene-induced losses (1 dB/mm) andthe resulting conversion
efficiency (η ≈−30 dB) of the experiment, we estimate an overallγNL > 100 m−1W−1 for
the waveguide used in that experiment, based on the approximate formula FoM= γNLLprop≈
3
√η/P (Pitilakis and Kriezis 2013; Agrawal 2007). Subsequently,we calculated the nonlin-

ear parameters for thex-polarized mode of the graphene-comprising microfiber waveguide
using our formulation, yieldingγb = 0.037 m−1W−1 and γs = 0.03 m−1W−1, Fig. 8(a).
Comparing these values to the experimentally extracted one, we can deduce that the nonlin-
ear surface conductivity of graphene (σ3) can be up to three orders of magnitude larger than
the one predicted by the formula of Hendry et al (2010) and used in this work. Needless
to say that such a difference would have a tremendous impact on the performance of the
previously analyzed integrated subwavelength waveguides.

We have also investigated the design where the graphene sheet is placed on top of the
microfiber, Figs. 8(b) and (e), covering half of its circumference. Interestingly, this configu-
ration leads to approximately the sameγs (andLprop) for thex- andy-polarized modes since
the part of graphene that interacts with the field is situatedfar from the MgF2 substrate which
is responsible for breaking the degeneracy of the two microfiber modes. Finally, Figs. 8(c)
and (f) contain theγNL andLprop, respectively, for the fictitious case where a graphene mono-
layer is fully wrapped around the microfiber. We note that thedifference between thex- and
y-polarized modes is somewhat more pronounced than the previous case, but not as pro-
nounced as in the first setup.

4 Summary and conclusions

In this paper we have presented a rigorous formalism for the extraction of linear and non-
linear parameters in graphene-comprising waveguides. We started our analysis from the
linear problem, where we presented how graphene can be implemented through Maxwell’s
equations as a conductive sheet/2D medium or, in other words, as an interface condition
in the FEM which we used in our numerical simulations. We discussed how the sheet rep-
resentation of graphene is superior to the equivalent bulk/3D medium representation, both
in terms of underlying physical consistency and computational efficiency. In the nonlin-
ear regime, a NLSE formalism was developed for the extraction of the nonlinear parame-
ters of graphene-comprising waveguides. The set of coupledequations presented describe
the nonlinear pulse propagation of an arbitrary number of distinct modes/signals in these
waveguides. The nonlinearity of graphene was fully modeledthrough its nonlinear surface
conductivity tensor, extracted from existing theoreticalmodes, and introduced via a pertur-
bation method. We showed how the overall nonlinear parameter can be split into distinct
parts representing bulk and sheet medium contributions. Note that although we focused our
attention on third-order narrowband phenomena (namely Kerr/TPA effects and FWM), our
analysis has a general scope and can be specialized to describe other nonlinear phenom-
ena, as long as they satisfy the approximations made, i.e., having an instantaneous response
and being small perturbations compared to the linear response. Finally, we studied three
representative graphene-comprising waveguide configurations in order to identify optimal
designs and parameter choices for nonlinear applications.Silicon waveguides did not ben-
efit from graphene due to the low field overlap with the sheet whereas plasmonic waveg-
uides, and especially the slot configuration, proved to be more promising. Especially for
plasmonic waveguides, FEM-modeling of acute geometric features using curved segments
(“fillets”) instead of right angles, proved to be more reliable for the convergence of the inte-
grals required for the calculation of nonlinear parameters. Lastly, we calculated the nonlinear
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parameters for a low index-contrast fused-silica microfiber with the addition of a graphene
monolayer in several different configurations: below the microfiber, covering the microfiber
and fully wrapped around it. Based on recent experimental results related to this waveguide
structure (Wu et al 2014), we have reasons to anticipate thatthe actual nonlinear surface con-
ductivity of graphene might be up to three orders of magnitude higher than the one predicted
in theory (Hendry et al 2010; Khurgin 2014).
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