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We assess the continuous-wave and dynamic performance of a photonic laser cavity consisting of a
silicon-rich-nitride-on-insulator disk resonator overlaid with a transition-metal dichalcogenide (TMD)
bilayer heterostructure (WSe2/MoS2) acting as the gain medium. The optically pumped TMD heterostruc-
ture fosters an interlayer exciton with long radiative recombination lifetime, providing light emission
in the near-infrared (∼ 1130 nm). Following a meticulous design process, we propose a silicon-on-
insulator-compatible, monolithically integrated optical source capable of emitting milliwatt power inside
an integrated waveguide, featuring a low pump-power threshold of ∼ 16 kW/cm2, and exhibiting an esti-
mated total quantum efficiency of approximately 1.7%. The proposed laser cavity is analyzed and designed
using a rigorous theoretical framework based on perturbation theory and temporal coupled-mode theory,
capable of treating nanophotonic cavities of any geometry and material composition comprising both bulk
and/or sheet gain media. The framework is built upon fundamental electromagnetic and semiclassical gain
equations, rendering it general and adaptable to different cavity configurations and gain-media descrip-
tions. It constitutes a powerful tool for the efficient analysis of contemporary micro- and nanophotonic
semiconductor lasers, since it is capable of predicting fundamental laser characteristics, providing design
directives, deriving continuous-wave design metrics, and evaluating the dynamic response of realistic laser
cavities.
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I. INTRODUCTION

Efficient and reliable on-chip light sources, compatible
with the commercial silicon-on-insulator (SOI) platform,
constitute a key prerequisite for today’s optical indus-
try. Yet, this goal is far from being achieved. Silicon,
an indirect-band-gap semiconductor, is transparent in the
near-infrared (NIR) and cannot be used as a direct light
source in the communication O and C bands. Silicon
photonics has thrived from the mid-2000s onwards for pas-
sive photonic circuitry, and hybrid integration with other
semiconductors, such as germanium or III-V compounds,
remains a promising approach towards integrated light
sources [1,2]. This strategy, however, entails technologi-
cal challenges when large-scale integration is considered,
mostly due to material incompatibility (lattice mismatch).

More recently, other novel materials such as metal-
halide perovskites have also been proposed for integration
with silicon [2]; nevertheless, this solution is currently
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immature and mostly used in light-emitting diodes (LEDs)
[3]. In parallel, other CMOS-compatible platforms have
been examined, such as the complementary-to-SOI plat-
forms of silicon-nitride-on-insulator (SNOI) and silicon-
rich-nitride-on-insulator (SRNOI) [4,5]. SNOI and SRNOI
are very successful for passive photonic circuitry, since
they share the same advantages as the SOI platform (dense
integration, low voltage control, etc.), and in addition,
due to the larger band gap of silicon nitride (Si3N4),
they also exhibit an expanded transparency window (up
to the visible spectrum) and are not affected by nonlin-
ear losses (two-photon absorption) and the accompanying
free-carrier effects.

Two-dimensional (2D) materials have recently attracted
increasing attention for active photonic and optoelectronic
devices (modulators, photodetectors, and light sources),
due to their unique absorption and emission properties, the
strong light-matter interaction they can provide, as well as
their compatibility with the SOI platform [6–9]. Graphene,
black phosphorus, and hexagonal boron nitride have been
considered as candidates for on-chip light emission.

2331-7019/23/19(6)/064027(16) 064027-1 © 2023 American Physical Society

https://orcid.org/0000-0002-7864-5066
https://orcid.org/0000-0003-3536-9564
https://orcid.org/0000-0003-4770-0955
https://orcid.org/0000-0001-6407-2810
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.19.064027&domain=pdf&date_stamp=2023-06-08
http://dx.doi.org/10.1103/PhysRevApplied.19.064027


NOUSIOS, CHRISTOPOULOS, TSILIPAKOS, and KRIEZIS PHYS. REV. APPLIED 19, 064027 (2023)

An even-more-promising family of 2D materials
for integrated light sources can be transition-metal
dichalcogenides (TMDs) and their heterostructures
[2,6]. TMD monolayers are direct-band-gap semiconduc-
tors with special excitonic properties [10] that have been
exploited in a number of lasing structures in the deep
NIR [11] and visible regions [12,13]. Moreover, bilayer
heterostructures formed by the vertical stacking of two
different TMD monolayers lead to the formation of a type-
II band alignment, hosting interlayer excitons with long
radiative recombination lifetimes and an emission wave-
length that depends on the individual monolayers. The
emission wavelength of the TMD bilayer heterostructures
can also be electrically tuned through the Stark effect
[14–16], providing a valuable degree of freedom in prac-
tical optoelectronic devices. Therefore, TMD heterostruc-
tures constitute a promising 2D gain material family, and
a number of works have been published recently aim-
ing to investigate their unique luminescence properties
[14–21] and demonstrate their inclusion in novel photonic
laser structures emitting in the NIR [22,23]. Currently, the
incorporation of TMD bilayers in micro- and nanocav-
ity configurations is deemed a promising route towards
practical, integrated light-emitting sources characterized
by compact size, power efficiency, and high modulation
speed [24].

Motivated by the aforementioned developments, in
this work we theoretically study and design a practical
laser cavity consisting of an SRNOI [25–28] disk res-
onator which supports tightly confined, whispering-gallery
modes. The gain is provided by a MoS2/WSe2 bilayer
residing on top of the cavity, where it interacts strongly
with the supported mode and allows for efficient opti-
cal pumping from above. The proposed laser structure is
optically pumped at 740 nm and emits light at 1128 nm.
To accurately evaluate the overall response of the laser
under study, we develop a rigorous framework based on
temporal coupled-mode theory (CMT) [29]. CMT pro-
vides an accurate and computationally efficient approach
to assess the response of linear [30,31] and nonlinear res-
onators [32,33], supporting a broad range of single- or
multichannel nonlinear phenomena [34].

The framework to be presented is general and can be
exploited for both bulk and sheet-type gain materials,
expanding previously reported works [35]. In addition,
it can be utilized to assess both the continuous-wave
(CW) characteristics (lasing threshold, lasing frequency,
and emitted power), as well as the temporal response of the
laser cavity. The gain is treated through an induced field
polarization, capable of accurately describing a homo-
geneously broadened Lorentzian gain medium [36] and
it is rigorously incorporated in our framework through
first-order perturbation theory [37]. The carrier dynamics
are included through semiclassical carrier rate equations.
Using the framework, we thoroughly evaluate the effect

of the main physical system parameters on the lasing
performance (CW and pulsed operation) and outline
generic design directives to maximize lasing efficiency.
Finally, we discuss the likelihood of multimode lasing in
our proposed cavity through an evaluation of all the sup-
ported modes inside the luminescence spectrum of the
TMD bilayer. In this work we study a single integrated las-
ing cavity; however, the coupled-mode-theory approach is
naturally suited to the study of coupled oscillating cavities,
which can produce rich physical phenomena [38–40], and
to free-space or metasurface lasing structures [41].

The rest of the paper is organised as follows. In Sec. II,
the developed CMT framework is presented in detail for
a general three-level gain medium. General design direc-
tives and CW design metrics are extracted in order to guide
the design process. In Sec. III, an initial evaluation of
the framework is conducted by assuming a generic res-
onant structure, targeting to highlight the effect of each
fundamental parameter on the overall response of a laser
cavity and provide physical insight. In Sec. IV, the devel-
oped framework is applied in designing a practical laser
cavity based on a MoS2/WSe2-enhanced SRNOI disk; its
response is thoroughly assessed in both CW and pulsed
operation. Finally, Sec. V offers concluding remarks.

II. COUPLED-MODE-THEORY FRAMEWORK
FOR PHOTONIC RESONATORS WITH GAIN

In this section, we present the developed framework,
which rigorously introduces gain in the CMT formalism.
Coupled-mode theory treats the cavity as a lumped oscil-
lator, removing the spatial dimensions and leading to a
mathematical representation in terms of ordinary differ-
ential equations (ODEs) with respect to time [29]. The
physical characteristics of the three-dimensional (3D) cav-
ity are incorporated into the coefficients of the first-order
ODEs [37]. Naturally, this approach results in a very
computationally efficient, but also quite accurate, frame-
work [32,33], when the dimensions of the cavity are small
enough so that the time that light needs for a single
round trip is negligible compared to the photon lifetime
of the cavity [29]. The developed framework is appropri-
ate for any three-level system and can model either bulk
or contemporary sheet-type gain materials. It is also read-
ily adaptable to modifications regarding either the gain
material itself (inclusion of other emission processes or
phenomena, or additional energy levels) or other phenom-
ena in the cavity (inclusion of nonlinearities, e.g., the Kerr
effect or saturable absorption).

A. Cavity-amplitude, polarization, and carrier-rate
dynamic equations

To extract the coupled-mode-theory (cavity-amplitude)
ODE, we begin from the Maxwell curl equations for
nonmagnetic and nondispersive isotropic background
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materials in the time domain:

∇ × E(r, t) = −μ0
∂H(r, t)

∂t
, (1a)

∇ × H(r, t) = ε0εr
∂E(r, t)

∂t
+ ∂P(r, t)

∂t
. (1b)

In Eq. (1b), P(r, t) is the polarization field induced by
the light emission process (the dielectric properties of
the involved materials are represented by εr). When the
emitter is a 2D material, P(r, t) contains only compo-
nents tangential to the sheet. In Eq. (1) we express each
field quantity using a slowly varying envelope and a ref-
erence or “carrier” frequency � in the optical spectrum.
Under this transformation, the electric field takes the form
E(r, t) = Re{E(r, t)ej �t}, and similar expressions hold for
H(r, t) and P(r, t). Equations (1) then become

∇ × E(r, t) = −μ0

(
∂H(r, t)

∂t
+ j �H(r, t)

)
, (2a)

∇ × H(r, t) = ε0εr

(
∂E(r, t)

∂t
+ j �E(r, t)

)

+ ∂P(r, t)
∂t

+ j �P(r, t), (2b)

where we have separated the terms oscillating at the pos-
itive and negative frequencies ±� and presented only the
former. We then use a standard Fourier transform around
the baseband frequency ζ in Eqs. (2) so that, for exam-
ple, the electric field in the frequency domain is Ẽ(r, ζ ) =∫

E(r, t)e−j ζ tdt. Equations (2) then become

∇ × Ẽ(r, ζ ) = −j μ0(� + ζ )H̃(r, ζ ), (3a)

∇ × H̃(r, ζ ) = j ε0εr(� + ζ )Ẽ(r, ζ ) + j (� + ζ )P̃(r, ζ ).
(3b)

The form of Eqs. (3) is very useful for the development
of the CMT framework, as will become evident in what
follows.

Next, we focus on the contribution of the emission-
induced polarization field in the resonant cavity. In the
process, we will use first-order perturbation theory [37],
i.e., we will assume that the emission perturbs the reso-
nance characteristics of the cavity (resonance frequency ωc
and quality factor Q) but leaves the field profiles mostly
unaffected. This is a standard approach used to calculate
the contribution of linear and/or nonlinear effects, on the
basis that the approximate solution of a complex problem
can be found starting from the exact solution of a closely
matching, yet simpler, one. Perturbation theory is widely
used in photonics and electromagnetics and it has been
repeatedly found to lead to quite accurate results [42].

We start by using the index “0” to denote the unper-
turbed resonant system (i.e., a cavity with resonance fre-
quency ωc,0 in the absence of emission, P̃ = 0) and define

the vector function F̃c = Ẽ∗
0 × H̃ + Ẽ × H̃∗

0 [32], connect-
ing the unperturbed problem with the perturbed one. For
the perturbed system, and since the lasing frequency ωL is
in general unknown, we introduce an arbitrary reference
(“carrier”) frequency ωref so that the perturbed Maxwell
curl equations (3) are

∇ × Ẽ = −jμ0(ωref + ζ )H̃, (4a)

∇ × H̃ = jε0εr(ωref + ζ )Ẽ + j(ωref + ζ )P̃. (4b)

Note that we have used here the symbol ωref instead of the
generic �. On the other hand, the unperturbed versions of
Eqs. (3) simply read

∇ × Ẽ0 = −jμ0(ωc,0 + ζ )H̃0, (5a)

∇ × H̃0 = jε0εr(ωc,0 + ζ )Ẽ0. (5b)

Also note that in the notation of Eqs. (4) and (5) we have
dropped the spectral and spatial arguments from the field
quantities for brevity. The involved quantities are to be dis-
tinguished through, for example, the use of tildes and/or
appropriate subscripts, but we will reinstate the respective
arguments when deemed necessary. The divergence of F̃c
is then found to be

∇ · F̃c = −jμ0(ωref − ωc,0)H̃ · H̃∗
0

− jε0εr(ωref − ωc,0)Ẽ · Ẽ∗
0

− j(ωref + ζ )P̃ · Ẽ∗
0. (6)

To proceed, it is necessary to disentangle the spectral
and spatial dependences of the involved fields through [33]

Ẽ(r, ζ ) = Ã(ζ )Ẽref(r), (7a)

H̃(r, ζ ) = Ã(ζ )H̃ref(r), (7b)

P̃(r, ζ ) = P̃(ζ )Ẽref(r). (7c)

For this procedure, we have introduced the reference fields
Ẽref and H̃ref, which are proportional to the mode profile of
the unperturbed resonance (with resonance frequency ωc,0)
and are normalized to carry unitary energy, i.e., such that
(1/4)

∫
V(ε0εr|Ẽref|2 + μ0|H̃ref)|2dV = 1 [33]. These refer-

ence fields are typically obtained by numerically solving
an eigenvalue problem of the resonant system.

Note that the designation “reference” in these field quan-
tities should not be connected with the reference frequency
ωref, which is a “carrier” frequency chosen arbitrarily.
As first-order perturbation theory implies, it is assumed
that the reference fields are approximately the same in
the unperturbed and perturbed systems, thus the subscript
“0” is dropped throughout. It is the amplitudes Ã(ζ ) and
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P̃(ζ ) that embody the differences between the two systems.
Inserting Eq. (7) into Eq. (6) results in

∇ ·F̃c =
−j(ωref − ωc,0)Ã(ζ )Ã∗

0(ζ )
[
μ0|H̃ref|2 + ε0εr|Ẽref|2

]

− j(ωref + ζ )P̃(ζ )Ã∗
0(ζ )|Ẽref|2. (8)

Finally, Eq. (8) is integrated over an arbitrary volume
assuming low radiation in the surrounding surface, some-
thing that leads to

∫
V ∇ · F̃c dV = ∮

∂V F̃c · dS → 0 [37].
Under these conditions, the resonance frequency shift

�ω = ωref − ωc,0 (in general complex) is given by

�ωÃ(ζ ) = −ξ1(ωref + ζ )P̃(ζ ), (9)

where we have defined the confinement factor

ξ1 = 1
4

∫
Vg

|Ẽref|2dV, (10)

which measures the overlap between the optical mode
and the gain-material volume Vg . The introduction of Vg

reflects the fact that the polarization field P̃(r, ζ ) is nonzero
only inside the gain material.

Next, Eq. (9) is transformed to the time domain. Using
a(t) = (1/2π)

∫
Ã(ζ )ej ζ tdζ , we reach

�ω = jξ1
1

a(t)

[
jωrefp(t) + dp(t)

dt

]
, (11)

where the complex amplitudes a(t) and p(t) are the time-
domain counterparts of Ã(ζ ) and P̃(ζ ). Note that a(t) and
p(t) are slowly varying envelopes with ωref as their refer-
ence frequency, i.e., they are connected with the respective
vector fields through E(r, t) = a(t)Eref(r) and P(r, t) =
p(t)Eref(r). We should highlight here that the spatial
dependence of the problem is captured in a weighted sense
by the confinement factor ξ1. As will become evident
below, this approach significantly simplifies the compu-
tational handling of the problem without restricting the
validity of the results [32,33,35]. It also allows one to
obtain design metrics and design directives, and to gain
interesting physical insight.

The simplest form of the cavity-amplitude ODE using
the CMT notation is [29,30]

dα(t)
dt

= jωLα(t) − 1
τ�

α(t), (12)

where ωL is the unknown lasing frequency and τ� is the
cavity lifetime, composed by the intrinsic τi and external
(coupling) τe lifetimes, which satisfy τ� = (1/τi + 1/τe)

−1

[43]. For the perturbed system, we are obligated to use the

hot resonance frequency of the cavity ωc ≡ ωL, i.e., the
(in general, time-dependent) frequency at which the cavity
will lase. In this form, the lasing frequency is still unknown
but it equals ωL = ωc,0 + �ω, as dictated by perturbation
theory, and �ω is given by Eq. (11). We are also obli-
gated to write the cavity-amplitude ODE using the (per-
turbed) amplitude α(t), corresponding to the (perturbed)
field E(r, t) = α(t)Eref(r), so that α(t) = a(t)ej ωreft. We
note here that α(t) and a(t) are two different quantities;
however, |α(t)|2 = |a(t)|2 and equals the stored energy in
the cavity due to the normalization of the reference fields.

With these points in mind, it is now possible to introduce
Eq. (11) into Eq. (12) and reach the more useful CMT form
for the slowly varying amplitude a(t):

da(t)
dt

= − j(ωref − ωc,0)a(t) − 1
τ�

a(t)

− ξ1

[
jωrefp(t) + dp(t)

dt

]
. (13)

Equation (13) can be solved to calculate the cavity ampli-
tude of the resonator using cold (i.e., unperturbed) cavity
quantities (ωc,0, τ�, and ξ1) and the arbitrary reference fre-
quency ωref, with any choice of ωref reasonably close to the
resonance frequency of the cavity ωc,0 to be valid.

The necessity of the latter will become more evident in
Sec. II B, but we should note here that it constitutes an
important contribution of this work, since it provides the
means to estimate ωL in the most general case where the
cold resonance frequency of the cavity does not coincide
with the atomic transition frequency of the gain material.
In the presented form, Eq. (13) includes the contribution of
the emission-induced polarization and should be accom-
panied by an exit-channel equation of the form sout(t) =
μa(t), where μ ∝ √

1/τe is a parameter that describes the
interaction between the output channel and the cavity [31].
For an alternative, but equivalent, form of Eq. (13), see
Sec. S1.i of the Supplemental Material [44]. Equation (13)
does not contain any readily available information regard-
ing the lasing frequency ωL, which is unknown and should
not be confused with the arbitrary reference frequency
ωref (see the discussion in Sec. S1.ii of the Supplemen-
tal Material [44]). In Sec. II B, we present a method to
approximately estimate ωL.

The second step is to find a solely time-dependent
expression for the polarization-field amplitude. The polar-
ization field in a gain medium typically follows the
equation of a homogeneously broadened Lorentzian oscil-
lator [36], i.e.,

∂2P(r, t)
∂t2

+ m
∂P(r, t)

∂t
+ ω2

mP(r, t)

= −σm�N (r, t)E(r, t). (14)
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The parameters ωm and m are the central frequency and
the linewidth of the atomic transition for the gain material
(accounting for radiative and nonradiative decays, as well
as any possible dephasing that may arise), respectively,
while �N (r, t) is the population inversion. The coupling
parameter σm = 3ωmε0εmλ3

m/(4π2τspon) depends on the
emission wavelength λm and the spontaneous emission rate
1/τspon, and characterizes the gain material [36].

Equation (14) is simplified by using P(r, t) =
Re{P(r, t)ej ωreft} and separating the terms oscillating at
±ωref:

(m + j 2ωref)
∂P
∂t

+ (ω2
m − ω2

ref + j ωrefm)P = −σm�NE.

(15)

In Eq. (15), the slowly varying envelope approximation
has also been exploited for the quantity P(r, t) in order to
omit the second-order derivative. The temporal and spa-
tial dependences of the electromagnetic fields are then
disentangled using the idea of Eq. (7). We use P(r, t) =
p(t)Eref(r), since the electric field is the only readily
available unperturbed field that resembles the spatial dis-
tribution of the polarization [cf. the driving term of Eq.
(14)]. Ultimately, Eq. (15) becomes

(m + j 2ωref)
dp
dt

Eref + (ω2
m − ω2

ref + j ωrefm)pEref

= −σm�NaEref, (16)

or, by multiplying with E∗
ref, spatially integrating over Vg ,

and normalizing with the quantity
∫

Vg
|Eref|2dV,

dp(t)
dt

+ ω2
m − ω2

ref + j ωrefm

m + j 2ωref
p(t)

= − σm

m + j 2ωref
�N̄ (t)a(t). (17)

In Eq. (17), the spatially averaged population inversion is
given by

�N̄ (t) =

∫
Vg

�N (r, t)|Eref(r)|2dV
∫

Vg

|Eref(r)|2dV
. (18)

Note that the temporal and spatial dependence of
�N (r, t) cannot be disentangled following an approach
similar to that used for the vector fields, since no scalar
quantity with a proportionality relation to �N is avail-
able. Equation (17) is the second coupled ODE of our
framework and it generalizes previous reports in the lit-
erature [35]: by introducing the reference frequency ωref,
we have allowed for an arbitrary relation between ωc,0 and

ωm. The typically considered, but rather restrictive, case so
far has been ωc,0 = ωm, which also implies that ωL = ωm
(in this case, one simply chooses ωref = ωm). Furthermore,
we have not made any assumption regarding the atomic
transition linewidth being small compared to the respec-
tive central frequency. The commonly considered case is
m � ωm; this approximation, although true in most cases,
would limit the generality of the framework.

Finally, the carrier population must be introduced in the
CMT representation. We opt for a simple three-level sys-
tem, which is, however, sufficient to describe the atomic
transitions in TMD bilayer heterostructures as well as
other contemporary gain materials. The set of carrier-rate
equations is [35,36]

∂N3(r, t)
∂t

= Rp [N1(r, t) − N3(r, t)] − N3(r, t)
τ32

, (19a)

∂N2(r, t)
∂t

= 1
�ωm

E(r, t) · ∂P(r, t)
∂t

+ N3(r, t)
τ32

− N2(r, t)
τ21

,

(19b)

∂N1(r, t)
∂t

= − 1
�ωm

E(r, t) · ∂P(r, t)
∂t

+ N2(r, t)
τ21

− Rp [N1(r, t) − N3(r, t)], (19c)

where Rp is the pumping rate (s−1), τij are the carrier
relaxation times between levels i and j , and the total
number of carriers Ntot = N1 + N2 + N3 is constant (no
photobleaching).

By applying the same transformations as earlier and
exploiting the rotating wave approximation, thus neglect-
ing the terms oscillating at ±2ωref, it is straightforward
to reach the spatially averaged version of the carrier-rate
equations, which are readily incorporated in the CMT
framework:

dN̄3(t)
dt

= Rp [N̄1(t) − N̄3(t)] − N̄3(t)
τ32

, (20a)

dN̄2(t)
dt

= ξ2

�ωm

1
2

Re
{[

jωrefp(t) + dp(t)
dt

]
a∗(t)

}

+ N̄3(t)
τ32

− N̄2(t)
τ21

, (20b)

dN̄1(t)
dt

= − ξ2

�ωm

1
2

Re
{[

jωrefp(t) + dp(t)
dt

]
a∗(t)

}

+ N̄2(t)
τ21

− Rp [N̄1(t) − N̄3(t)], (20c)

where

ξ2 =

∫
Vg

|Ẽref|4dV
∫

Vg

|Ẽref|2dV
(21)
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is a different confinement factor, not equal but similar to
ξ1. For the three-level system that we consider here, the
population inversion takes place between levels 2 and 1,
i.e., �N̄ = N̄2 − N̄1 is to be used to couple Eqs. (20) with
Eq. (17). We opted not to include an expression for �N̄
earlier in Eq. (17) so that the transition to a system with
different energy levels is facilitated.

Equations (13), (17), and (20) constitute the full set
of the temporal CMT equations that accurately describe
a three-level gain medium embedded in a resonant cav-
ity and are actually quite general since they are extracted
from the semiclassical Maxwell-Bloch equations, tradi-
tionally used to characterize lasers [36]. They can be easily
expanded to more complex gain media with more energy
levels [45] or they can include other nonlinear effects,
such as saturable absorption [33] or the Kerr effect [32].
Importantly, they can also be used to describe contempo-
rary 2D gain materials (TMDs, black phosphorus, etc.) by
restricting the spatial integrations on the surface of the 2D
material Sg and by using the tangential-to-the-sheet E-field
components, i.e., Ẽref,‖. Specifically, the two confinement
factors defined earlier become

ξ1 = 1
4

∫
Sg

|Ẽref,‖|2dS, (22a)

ξ2 =

∫
Sg

|Ẽref,‖|4dS
∫

Sg

|Ẽref,‖|2dS
. (22b)

Note that, in Eq. (22a), the units of ξ1 are reduced by m,
which is consistent with the units of the surface carrier
density, now measured per unit area (instead of per unit
volume), and the surface polarization field, measured in
C/m.

B. Lasing characteristics and continuous-wave design
metrics

For a general assessment of the performance of a lasing
system, it is convenient to extract characteristic CW met-
rics. We start by determining the minimum required popu-
lation inversion for lasing (population-inversion threshold)
in the most convenient case where ωc,0 = ωm = ωL. By
removing the time derivatives in Eqs. (13) and (17), and
by substituting the latter into the former, we get

�N̄th = m

σmξ1τ�

. (23)

A low threshold is always desirable, thus the product
ξ1τ�, which depends on the physical resonator, is to be
maximized. This is our first design metric.

Following the same approach, but examining the more
general case when ωref 
= ωc,0 
= ωm, we find

�N̄th = j(ωref − ωc,0)τ� + 1
jωrefσmξ1τ�

(ω2
m − ω2

ref + jωrefm), (24)

which should always be a real quantity since it repre-
sents a difference in carrier population densities. Thus, by
requiring the imaginary part to be zero, we find that

ωL = mτ�ωc,0 ± √
(mτ�ωc,0)2 + 4(1 + mτ�)ω2

m

2(1 + mτ�)
, (25)

which proves to be a very good estimate of the lasing
frequency. Note that, when requiring Im{�N̄th} = 0, one
should treat ωref as the lasing frequency ωL to obtain Eq.
(25). This correspondence stems from the physical restric-
tion of �N̄th being real and, thus, the resulting frequency
should hold a physical meaning as well. Still, Eq. (25) does
not set any restriction on the choice of ωref when apply-
ing the framework; any reasonable ωref is valid but, when
ωref 
= ωL, oscillations on the complex amplitudes a(t) and
p(t) will emerge at steady state. The CW response of the
system remains unchanged. A more in-depth discussion
regarding the various choices of ωref and their conse-
quences can be found in Sec. S1.ii of the Supplemental
Material [44].

Another useful quantity is the pumping-rate threshold
Rp ,th, which is easily extracted from Eqs. (20) under CW
operation when additionally τ32 � τ21 (i.e., the second
level being metastable), which should hold for any gain
material in order to achieve population inversion. It equals

Rp ,th = 1
τ21

N̄tot + �N̄th

N̄tot − �N̄th
, (26)

and when N̄tot � �N̄th, another typical scenario for las-
ing, it equals 1/τ21. On the other hand, when �N̄th → N̄tot,
Rp ,th → ∞ and lasing is suppressed.

Finally, another useful simplified expression is the one
that allows the calculation of the output power Pout =
μ2|a|2 under CW conditions when ωc,0 = ωm = ωL:

Pout = μ2 2�ωmτ�ξ1

ξ2

(
N̄3

τ32
− N̄2

τ21

)
, (27)

with

N̄3 = N̄tot − �N̄th

3 + 2/(Rpτ32)
, (28a)

N̄2 = �N̄th +
(

1 + 1
Rpτ32

)
N̄3. (28b)

From Eq. (27) one can readily see that Pout ∝ τ�ξ1/τeξ2
since μ2 ∝ 1/τe. Usually, τe � τi to favor light coupling
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to the outside world and thus τ�/τe ≈ τe/τe = 1. To further
increase Pout, one has to maximize the ξ1/ξ2 ratio. This
constitutes our second design metric.

As a concluding remark of this section, we compile
the new contributions of the proposed framework. The
detailed derivation and the careful development of the
framework has allowed the cavity and atomic transition
frequencies to be treated independently (ωm and ωc,0 do not
have to coincide) and furthermore resulted in a closed-form
(approximate yet quite accurate) expression to estimate
ωL, without resorting to the more rigorous, but also more
cumbersome, steady-state ab initio laser theory [46]. The
framework is developed in an easily expandable way, high-
lighted in this work by the minimal adjustments needed
to include 2D gain materials. Finally, through realistic
simplifications, the framework led to useful CW design
metrics for minimizing the population-inversion threshold
and maximizing the lasing output power. In the remainder
of the paper, we focus on how the framework can be fur-
ther utilized to extract useful design directives towards the
design of efficient integrated cavities and be exploited to
assess their lasing performance in dynamic conditions.

III. ASSESSING CONTINUOUS-WAVE
PERFORMANCE AND DEFINING DESIGN

DIRECTIVES

As an initial evaluation of the developed framework,
we examine the behavior of an abstract cavity, enhanced
with a gain material. Our focus here is to extract gen-
eral trends; thus, we examine the output power expressed
in arbitrary units and the pumping strength expressed in
units of 1/τ21 [cf. Eq. (26)]. Furthermore, we focus on
the optimum choice of ωc,0 = ωm and examine a system
with �N̄th � N̄tot. These conditions are indicative of most
practical systems, thus they are adopted throughout this
general evaluation, unless otherwise mentioned. To extract
the results discussed below and in the case that ωc,0 = ωm,

one might use either the full system [Eqs. (13), (17), and
(20)] when the time derivatives are dropped or the closed-
form relations [Eqs. (23), (27), and (28)]. On the other
hand, when ωc,0 
= ωm, the full system has to be utilized
without dropping the time derivatives due to the emerg-
ing oscillations on the complex amplitudes of a(t) and
p(t), in the general case that ωL 
= ωref (see Sec. S1 of the
Supplemental Material [44]).

First, we focus on the coupling strength between the
light-emitting cavity and the bus waveguide. In normal-
ized terms, the strength of this process is governed by the
ratio of intrinsic and external quality factors, rQ = Qi/Qe.
The results of Fig. 1(a) validate the physical intuition that,
indeed, a greater rQ (for the same Rp input) results in
stronger coupling and thus higher output power is cou-
pled to the bus waveguide. However, after some point,
the increase in rQ leads to only a minor increase of the
power coupled to the bus waveguide, since practically all
of the light emitted from the TMD inside the cavity is cou-
pled to the bus waveguide. Thus, an rQ > 10 is practically
unnecessary. This is better imprinted in the inset, where it
is easily observed that the slope of the light-light curves
(∂Pout/∂Rp ) approaches a constant value as rQ increases.
On the hand, the choice of rQ does not impact Rp ,th, at least
for the case considered here where �N̄th � N̄tot [cf. Eq.
(26)]. Consequently, the choice of rQ = 10 will be used
hereafter as the “benchmark” value. This choice can be
considered a design directive that we anticipate will find
application also in other integrated laser cavities based on
traveling-wave resonators. Finally, we should note that a
clear gain saturation is observed as Rp grows beyond 103

in Fig. 1(a), a well-expected behavior for any laser [36].
Even so, the light-light curve is linear for an Rp span of
approximately 3 orders of magnitude.

Secondly, we shift the resonance frequency of the cav-
ity so that now ωc,0 
= ωm and record the output power at
the respective hot resonance frequency ωc ≡ ωL. Equation
(25) is used to estimate this frequency, which in the cases

Pumping rate ( )Rp

100

(a
rb

. 
u

n
it

s)
re

w
o

p t
u

pt
u

O
P

o
u
t

10-4

10-2

10-6

100 101 102 103 104 105

rQ
rQ
rQ

Pumping rate ( )Rp
100 101 102 103 104 105

c,0 m

c,0 m m±

c,0 m m±

Pumping rate ( )Rp
100 101 102 103 104 105

(a) (b) (c)N Nth tot

N Nth tot0.5

N Nth tot0.1

N Nth tot0.8

Rp ( )

P
o
u
t

(a
rb

. 
u
n
it

s)

4320 1

×10 –4

2

4

0

Rp ( )

P
o
u
t

(a
rb

. 
u
n
it

s)

1.50.5 2.5

×10–4

1.5

3.0

0.0
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examined lies quite close to ωc,0, as intuitively expected.
The results of Fig. 1(b) show that, as the two frequen-
cies deviate, the pumping-strength threshold increases and
less power is emitted and coupled to the bus waveguide.
Both findings are reasonable since the gain material has a
Lorentzian emission spectrum and thus less light is emitted
as ωL (which is close to ωc,0) deviates from ωm. Never-
theless, when the cold resonance frequency of the cavity
lies within the range ωm ± 3m, the negative impact of this
detuning between ωc,0 and ωm is benign. More specifically,
from the inset of Fig. 1(b), the pumping-rate threshold is
higher by at most 25%. This fact is also a useful design
directive, allowing for some extra freedom in the design of
the resonant cavity taking manufacturing tolerances into
account.

Finally, we modify the system parameters so that the
population-inversion threshold needed for emission grows
closer to the total available carriers in the gain material,
i.e., �N̄th → N̄tot. The curves depicted in Fig. 1(c) val-
idate the accuracy of Eq. (26), which correctly predicts
the pumping-strength threshold for emission. Furthermore,
the light emitted is significantly weaker as the population-
inversion threshold approaches the total available number
of carriers. We find that a population-inversion thresh-
old as high as 10% of the total available carriers mostly
reproduces the emission characteristics of the benchmark
example (�N̄th � N̄tot); the only difference is Rp ,th being
20% higher. This is another design directive. Population
threshold conditions up to �N̄th ≤ 0.1N̄tot do not affect the
output power and they can be allowed in a practical design
if the penalty on the pumping-strength threshold can be
tolerated.

IV. DESIGN AND PERFORMANCE OF AN
INTEGRATED MICRODISK OVERLAID WITH

TMD HETEROSTRUCTURE

Having presented the theoretical framework, and fol-
lowing the preliminary CW assessment in the previous
sections, we proceed to the complete numerical study and
design of a laser cavity incorporating a TMD bilayer het-
erostructure as the active medium. The vertical stacking
of two TMD monolayers creates a type-II band align-
ment heterostructure [15], which leads to a number of
highly favorable optoelectronic properties. Most notably,
the emission wavelength depends on the energy levels of
the individual TMD monolayers [15], while it can also be
electrically adjusted through the Stark effect by applying
an external static electric field perpendicularly polarized
to the plane of the heterostructure [14–16]. The latter is a
result of the spatial separation of the electrons and holes
in different TMD monolayers (see the discussion below).
Therefore, TMD bilayer heterostructures can be exploited
in practical optical sources covering a wide and adjustable
spectral range in the NIR. The most well-studied TMD

bilayers are the MoS2/WSe2 [14,17,19] and MoSe2/WSe2
[20,21] heterostructures, which have also been exploited
recently in novel laser cavities [22,23]. In this work, we
choose the MoS2/WSe2 bilayer, since its emission wave-
length is found to be in the range 1240–1127 nm (1.0–1.1
eV) [14], hence in the lower limit of the O band for
communications, in contrast with the MoSe2/WSe2 het-
erostructure, which emits light around 890 nm (1.4 eV)
[20,21].

The photoluminescence process of the MoS2/WSe2 het-
erostructure is schematically illustrated in Fig. 2(a). We
note that fundamentally the photoluminescence process
is the same for every TMD bilayer heterostructure [14–
21]. Initially, the bilayer is illuminated by a pump wave
with wavelength λp = 740 nm equal to the A exciton of
the WSe2 monolayer transition energy [47], resulting in
the photogeneration of intralayer excitons. Subsequently,
the type-II band alignment of the heterostructure results
in an ultrafast electron transfer from the conduction band
of WSe2 to the empty conduction band of MoS2 with
the relaxation time evaluated in the range 1–100 fs [15].
Concurrently, the intralayer exciton photoluminescence in
the WSe2 is strongly quenched, as it is characterized by
a recombination lifetime of a few picoseconds [10,15],
thus much slower than the electron transfer process. Inter-
layer excitons are formed between the conduction band of
MoS2 and the valence band of WSe2, which recombine at
a much slower, nanosecond, time scale [16], allowing for
population inversion to be achieved.

It is important to note that the emission properties of
the TMD heterostructures are strongly dependent on the
twist angle between the individual monolayers [15,16].
Hence, the individual TMD monolayers have to be closely
aligned crystallographically, enabling the interlayer exci-
tons to recombine predominantly radiatively (bright exci-
tons) [14,22], which is a prerequisite for lasing devices.
On the contrary, when the individual TMD monolayers are
misaligned, radiative recombination is not observed (dark
excitons) and the TMD bilayer cannot be exploited for
practical lasing structures [14].

The considered MoS2/WSe2 bilayer can be modeled
as a three-level gain medium, with levels 1, 2, and 3
being the valence band of WSe2, the conduction band of
MoS2, and the conduction band of WSe2, respectively;
the conditions for achieving population inversion between
levels 1 and 2 are satisfied. In this work, we set the elec-
tron relaxation time from the conduction band of WSe2
to the conduction band of MoS2 equal to τ32 = 100 fs.
We have checked that any choice inside the typically
quoted range of 1–100 fs negligibly influences the system.
The spontaneous-emission lifetime (radiative interlayer-
exciton recombination time) is τspon = 1 ns and is assumed
here to be equal to τ21. Spontaneous emission is known
to significantly affect light emission around the lasing
threshold in microlasers [11,13,23,48], in contrast to
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FIG. 2. (a) The three-level energy diagram of the MoS2/WSe2
heterostructure, which allows for stimulated emission at 1128 nm
due to radiative recombination of interlayer excitons formed
between the conduction band of MoS2 and the valence band of
WSe2. (b) A 3D schematic of the proposed laser structure con-
sisting of a disk resonator side-coupled to a bus waveguide with
the TMD bilayer residing on top. The vertical pump illumination
and the output channel are both clearly illustrated. (c) An x–y
cut of the proposed laser cavity showing the various geometric
parameters and the vertical pump illumination area.

typical large-scale lasers. Nevertheless, here we focus on
the more fundamental process of stimulated emission and
leave the influence of spontaneous emission to be exam-
ined in future work. The central emission wavelength of
the TMD bilayer is λm = 1128 nm [23], while its linewidth
is found in the order of terahertz [14,23,49]. For this study,
we choose a typical value of m = 20 Trad/s. The spa-
tially averaged total surface carrier density is set to N̄tot =
1013 cm−2 [50].

The laser structure under study is schematically depicted
in Figs. 2(b) and 2(c), consisting of a silica-clad silicon-
rich nitride (SRN) disk resonator with radius R and height
h. The cavity supports well-confined whispering-gallery
modes with high quality factors which favor efficient las-
ing. The TMD bilayer resides on top of the structure
and in direct contact with the disk resonator, maximiz-
ing field overlap with the 2D material. The resonator is
side-coupled to a bus waveguide at a distance g, enabling
the extraction of emitted light to the waveguide. The pro-
posed laser configuration can be exploited for on-chip
integration with other optical components. The width of
the waveguide is set to wwg = 130 nm and h acquires
values around 300 nm (h is a design parameter, thus its
exact value will be determined in what follows). Since the
cross-sectional dimensions are small and h > wwg, only the
fundamental quasi-TM mode (TM00) is supported. Note
that quasi-TM modes are characterized by Ey being the

dominant transverse [i.e., lying in the cross-sectional x–y
plane; see Fig. 2(b)] electric field component.

The TMD bilayer is optically pumped with a normally
incident free-space beam, as illustrated in Figs. 2(b) and
2(c). We note that the SRNOI platform has been chosen
instead of the standard SOI, since the large band gap of
SRN prohibits one-photon absorption even for the pump
wave (ESRN

g = 2.05 eV, corresponding to absorption below
605 nm). In contrast, the band gap of silicon lies in the
vicinity of the emission wavelength, resulting in substan-
tial losses of the emitted light and, thus, impeding lasing
operation. We have opted for a high Si:N ratio, result-
ing in high refractive index, close to that of Si, enabling
miniaturization and strong field confinement in the pro-
posed nanophotonic device. Overall, the chosen SRNOI
platform is meant to strike a favorable balance between the
characteristics of SOI and SNOI platforms.

In the wavelength region of λm, we have nSRN = 3.15 −
j 10−5 [25] and nSiO2 = 1.45. The small imaginary part in
the refractive index of SRN has been heuristically intro-
duced to accommodate in a phenomenological manner
every kind of defect and loss that restrain the intrinsic qual-
ity factor, setting an upper limit of Qres ∼ 170 000; this
limit is quite high and does not affect the validity of the
developed coupled-mode-theory framework [32]. If losses
were significant, an alternative derivation based on an
unconjugated form of the vector function F̃c would have to
be followed [51]. Losses are also negligible for the individ-
ual monolayers which do not absorb light at the emission
wavelength [47], since their band gaps (EWSe2

g = 1.675 eV
and EMoS2

g = 1.9 eV) are much greater than the energy of
the emitted photons at λm (1.1 eV). Therefore, their surface
conductivities are purely imaginary and can be described
through the reported effective refractive indices in the liter-
ature using σ = j ωε0dTMD(n2

TMD − 1). Consequently, the
surface conductivities are σMoS2 = j 167 µS and σWSe2 =
j 202 µS at the emission wavelength [52]. The total surface
conductivity of the bilayer is the sum of the two individ-
ual values, i.e., σbilayer = σMoS2 + σWSe2 = j 369 µS. The
purely imaginary surface conductivity of the bilayer results
only in a redshift of the resonance wavelength. This shift
is not negligible (∼ 2 nm) as a result of the relatively high
value of σbilayer.

Finally, to calculate the coupling parameter σm [cf. Eq.
(14)] we have used an approximate value of the refrac-
tive index for the gain material, nTMD ∼ 4.5, which is in
between the actual refractive indices of the monolayers
(nWSe2 = 4.7 and nMoS2 = 4.4) [52] used to extract the
aforementioned surface conductivities and thus obtain the
value of σm = 3.58 × 10−7 C2/kg. It is also important to
note that SRN exhibits a high nonlinear refractive index,
which is an order of magnitude greater than that of Si [25].
Nevertheless, our calculations indicate that the influence
of the Kerr effect induced by SRN, for the considered
range of pump powers, is negligible and thus it has been
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omitted from the equations and the subsequent calculations
throughout this work.

To assess the operation of the proposed laser element, it
is crucial to relate the pumping strength Rp with the pump-
ing power Pp that illuminates the TMD bilayer. This is typ-
ically done through Pp = �ωpVgN̄1Rp/ηp [35,36], where
ωp is the pumping angular frequency. When �N̄th � N̄tot,
we have approximately N̄1 ≈ N̄tot/2, further simplifying
the aforementioned relation. Nevertheless, due to the 2D
nature of the gain material, the volume Vg is reduced to
a surface Sg , with N̄tot reducing to a (spatially averaged)
surface carrier density, measured in carriers per square
meter. Henceforth, we assume that the active surface is cir-
cular (as the spot of the pumping beam would be) with
radius 1.6 µm, which is always greater than the radius
R of the resonator that we study below. Furthermore, ηp
is the absorption efficiency of the WSe2 monolayer and
expresses the fraction of incident power that is absorbed
by the monolayer.

Apart from the real part of the surface conductivity of
WSe2 at the pump wavelength, the underlying materials
and structure, notably the height of the disk resonator,
also greatly affect ηp . This is due to the formation of
a Fabry-Perot-like cavity as the disk structure is verti-
cally illuminated [cf. Fig. 2(c)]. In general, the absorption
efficiency is point-dependent, i.e., ηp ≡ ηp(r), since the
presence of the disk below the bilayer results in an inhomo-
geneous field distribution on the bilayer plane. Although
a spatiotemporal version of the CMT can accommodate
such an effect [53], here we opt for the simple scenario
where ηp is estimated assuming uniform layers consist-
ing (bottom to top) of silica, SRN, the TMD bilayer,
and air [cf. inset of Fig. 4(b)]. This approach takes into
account the nature of the underlying Fabry-Perot cavity
(formed inside the SRN slab of height h) and allows for
the estimation of a worst-case-scenario ηp , since any lat-
eral modulation of the SRN layer will further enhance the
interaction of light with the 2D heterostructure (see Sec. S4
of the Supplemental Material [44] for more detailed results
on ηp calculations). The refractive indices of the SRN
and SiO2 at the wavelength λp are nSRN = 3.36 [25] and
nSiO2 = 1.45, respectively, while the surface conductivities
of the TMD monolayers are σWSe2 = 386 + j 227 µS and
σMoS2 = j 347 µS [47]; note the presence of a real part in
σWSe2 , indicating absorption.

Next, the overall response of the laser structure is
examined by calculating the standard light-light curves
that characterize the operation of optically pumped lasers.
We meticulously investigate the effect of the geometrical
parameters of the disk (R and h) on the overall response,
utilizing the two design metrics presented in Sec. II B.
There is also a third geometric parameter, the coupling
gap g, that needs to be specified, and this can be done
in two ways: (i) adjusting g continuously as R and/or h
are modified so that rQ is fixed at a specified value; or

(ii) setting g = const. and thus having rQ changing as R
and/or h are tuned. Both of them lead to the same qualita-
tive results (see Sec. S3.1 of the Supplemental Material
[44]). We first conduct linear simulations utilizing the
finite-element method (FEM) commercial software COM-
SOL Multiphysics® in order to extract the parameters and
coefficients that feed the developed CMT framework, i.e.,
ωc,0, Qi, Qe, ξ1, and ξ2. Capitalizing on the discussion in
Sec. III, we engineer the resonator geometrical parameters
(mostly its radius R) each time so that λc,0 = λm and thus
λL = λm as well. Then, we use either the full-system equa-
tions [Eqs. (13), (17), and (20)] or even the closed-form
relations [Eqs. (23), (27), and (28)] to assess the overall
response of the resonator.

The first geometric parameter to consider is the radius
R of the resonator. To this end, we fix the height of
the resonator to h = 340 nm and change the radius R,
hence modifying the azimuthal order m of the respec-
tive whispering-gallery mode (radial order q = 1) that is
found closest to the peak emission wavelength λm. As h
is kept constant, ηp remains constant as well and equals
ηp = 7.1% (see Sec. S4 of the Supplemental Material
[44]). Moreover, the ratio of the quality factors is assumed
to be equal to its benchmark value of rQ = 10, imply-
ing that the coupling gap g is adjusted for every mode
considered.

The light-light curves are depicted in Fig. 3 for three
modes of order m = {12, 14, 16}, associated with R =
{1.015 µm, 1.160 µm, 1.305 µm}, respectively. As the
mode order increases, radiative losses decrease and, there-
fore, the intrinsic quality factor rises [43]. Specifically, we
have Qi,12 = 13 300, Qi,14 = 47 500, and Qi,16 = 107 500
[see also Fig. S5(a) of the Supplemental Material [44]].
On the other hand, ξ1 decreases slightly as the mode order
increases because of the stronger light confinement inside
the cavity, which leads to a decrease of the interaction
between the supported mode and the TMD bilayer. On the
whole, the quantity 1/τ�ξ1, and therefore �N̄th, decreases
with m, resulting in lower pumping thresholds for larger
values of R. Nonetheless, the required population inversion
for lasing is in the order of 1011 cm−2 and thus �N̄th � N̄tot
[well below the 10% limit identified in Fig. 1(c)], resulting
practically in the same pumping-power threshold, which
is Pp ,th � 1.5 mW [inset of Fig. 3]. Concurrently with the
slight decrease of ξ1, we obtain an expected decrease of
ξ2 for higher radii. However, ξ2 decreases faster, leading
to an overall increase of the quantity ξ1/ξ2 with R. There-
fore, as becomes obvious from Fig. 3, for the same Pp we
get higher output power as the mode order increases. Tra-
ditionally, this is measured by the slope of the light-light
curve, which is indeed higher for larger R [inset of Fig. 3].
Overall, we conclude that both design metrics set in Sec.
II B improve by increasing R or, equivalently, the mode
order m (see Sec. S3 of the Supplemental Material [44] for
more details and results on the design process).
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FIG. 3. Output power Pout versus pumping power Pp (or
power density Ip = Pp/Sg) as the (azimuthal) mode order m of
the lasing whispering-gallery mode is engineered by properly
adjusting the radius R of the resonator. The height of the cav-
ity is constant at the typical value of h = 340 nm and rQ = 10 for
every mode considered. Inset: Enlarged view of the curves (linear
scale) near the threshold to better illustrate that both the design
metrics set in Sec. II B (lasing threshold and output power) are
improving with increasing values of R.

The effect of the resonator height h is also assessed to
seek the optimum design, while the order of the lasing
mode is now kept constant at m = 16. The height of the
cavity affects the mode confinement and consequently the
quality factor as well as the interaction between the mode
and the TMD bilayer. In addition, the choice of h plays
an important role in the absorption of the incident pump
light, as already discussed and to be presented below. To
examine how h affects the lasing mode of the cavity, we
first artificially fix ηp (i.e., the absorption coefficient) to
its maximum value of 8.6% and study the trend of the
two design metrics of Sec. II B. We also keep the coupling
gap constant at the value g = 300 nm and thus rQ changes
with h. We note that, as h is modified, the radius R of the
resonator is also fine-tuned so that λc,0 = λm = 1128 nm
(the azimuthal order of the lasing mode always remains
the same).

In Fig. 4(a) the calculated light-light curves are depicted
for four different values of h. An increase of h leads
to a stronger confinement of the mode inside the cavity,
resulting in higher values of Qi. Furthermore, rQ initially
increases with h before reaching its benchmark value of
rQ = 10, at which it practically remains constant as h >

300 nm [see Fig. S6(a) of the Supplemental Material [44]].
Therefore, the loaded quality factor Q� increases with h.
Concurrently, the light-TMD interaction decreases with h,
leading to a substantial decrease of the two confinement
factors ξ1 and ξ2. We can now find the optimum height of

the resonator that leads to the maximization of the quan-
tity τ�ξ1 or, equivalently, the minimization of �N̄th. This
height is h = 315 nm, and has been found by evaluating the
quantity τ�ξ1 for different values of h through FEM simula-
tions (see Fig. S6 of the Supplemental Material [44]). Note
that we have once again N̄tot � �N̄th and thus the pump-
ing power threshold remains practically constant with h, as
we see in Fig. 4(a). As far as the second design metric is
concerned, ξ1 decreases faster than ξ2 with h, leading to a
reduction of the quantity τ�ξ1/τeξ2 with increasing values
of h; note that the opposite trend is obtained for increasing
values of the radius R, where ξ2 decreases faster than ξ1.
This is illustrated in the inset of Fig. 4(a), where for the
same Pp we get slightly higher Pout as h decreases, i.e., as
the mode-TMD interaction is enhanced (see also Sec. S3
of the Supplemental Material [44]).

The previous discussion revealed that the choice of h
has a minor impact on the cavity characteristics. How-
ever, the absorption coefficient ηp is significantly affected
by h due to the Fabry-Perot cavity formed by the high-
index SRN slab [see the inset of Fig. 4(b)]. Thus, one
can minimize the required pump power by maximizing
the absorption of the pump wave from the TMD, i.e., by
choosing h so that the electric field inside the vertical
Fabry-Perot cavity is maximum on the TMD surface (the
approach to calculate ηp and a more complete picture of
its dependence on h are included in Sec. S4 of the Sup-
plemental Material [44]). As revealed from Fig. 4(b), the
choice of h has a significant effect on the required pump
power and might result in an almost fourfold decrease.
The optimum height is h = 330 nm, leading to both lower
pumping-power threshold (Pp ,th � 1.3 mW, corresponding
to an intensity of 16 kW/cm2) and higher output power.
As expected from the previous discussion, h = 330 nm �
3λp/(2nSRN), a condition that maximizes the electric field
on the TMD surface, thus also maximizing the absorption
of the pump wave by the WSe2. It is important to note that
ηp is maximized for every value of h that fulfills the condi-
tion h = mλp/(2nSRN), where m is an integer (see Sec. S4
of the Supplemental Material [44]). However, the choice
of h should be reasonable in order to maintain adequately
strong interaction between the TMD bilayer and the las-
ing mode, on the one hand (not too thick), and reasonable
radiation losses, on the other hand (not too thin). We also
observe that for h = 250 nm and h = 360 nm the value
of ηp is significantly lower, since now the electric field
on the TMD is close to a minimum [see Fig. S7(b) of the
Supplemental Material [44]].

Overall, by appropriately choosing h, one can maximize
ηp , which, as it turns out, is the parameter that mainly influ-
ences the quantitative metrics (maximum output power and
lower lasing threshold) of the proposed laser cavity. Con-
sequently, it should be carefully chosen to optimize the
lasing performance. As a final remark, we note that the
calculated pumping-power thresholds are in good
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agreement with reported experimental results of laser con-
figurations based on TMD bilayers [22,23].

It is also important to discuss the thermal stability
of the proposed lasing element, since its operation has
been examined for a broad range of pump power den-
sities (Ip = Pp/Sg), spanning from a few kW/cm2 to
10 MW/cm2 (see Figs. 3 and 4). We have taken care
that the highest considered value of Ip = 10 MW/cm2 is
below the optical damage threshold of TMD monolay-
ers [54]. Optical-pumping-induced heating effects could
potentially alter the photoluminescence properties of the
gain medium (MoS2/WSe2), by increasing its lattice tem-
perature, and undermine the lasing operation [14,20,21].
However, the photoluminescence characteristics of TMD
bilayer heterostructures have been found to be stable for
pump power densities up to a few hundreds of kW/cm2
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[20,21], i.e., an order of magnitude greater than our las-
ing threshold (a few tens of kW/cm2). Thus, the proposed
laser can operate stably for such pumping power densities
and reach practically useful output powers of 1 mW.

For these pump power densities, we have also examined
the overall thermal stability of the lasing element through
heat-transfer simulations with COMSOL Multiphysics®

[55], by assuming that all of the power absorbed by the
2D gain medium is converted into heat (worst-case sce-
nario). Note that SRN is practically transparent at the pump
wavelength and does not act as an additional heat source.
We have found that for CW pumping with powers up to 35
mW, the temperature increase does not exceed 100 K. The
temperature increase will result in a shift of the resonant
frequency due to the thermo-optic effect. Adopting �T =
100 K and the thermo-optic coefficient of SRN (compara-
ble to that of silicon), we find a resonant frequency shift
[56] in the order of 5 nm, i.e., well within the emission
linewidth m (cf. design directive set in Sec. III). Thus,
for such temperature variations, lasing operation would
not be significantly obstructed. The heat removal from the
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lasing structure could be significantly enhanced by replac-
ing the SiO2 cladding with a material exhibiting a similar
refractive index but greater thermal conductivity, such as
MgF2, for instance, which can exhibit up to 20 times
greater thermal conductivity. This results in a threefold
decrease of �T for the same level of pump power.
In this case, CW operation with pump powers up to
Pp = 100 mW is possible before reaching the barrier of
�T = 100 K. Operating with pump power levels exceed-
ing 100 mW is still possible by exploiting pulsed pumping,
i.e., using long-duration pulses (tens of nanoseconds or
more) during which the lasing element operates practically
CW, but the temperature increase is restricted due to the
intrinsically slow thermal diffusion process [55].

Having completed the design of the cavity, and to get a
more complete physical picture of the cavity emission, we
examine its response under pulsed pump illumination. To
excite the carriers on the TMD heterostructure, we use a
Gaussian pulse with full width at half-maximum equal to
300 ps and a peak power of 125 mW. Note that, despite
the high peak power of the pump pulse, its short duration
results in a negligible temperature increase below 1 K, as
we have calculated through heat-transfer simulations. The
emitted power from the laser cavity is plotted in Fig. 5(a).
We also plot the time evolution of the carrier density in
each of the three energy levels of our model [Fig. 5(b)].
The arrival of the input pump pulse transfers electrons
from the ground (level 1; valence band of WSe2) to the
upper state (level 3; conduction band of WSe2) where elec-
trons nonradiatively and almost instantaneously (compared

to the input pulse time scale) relax to the metastable emis-
sion level (level 2; conduction band of MoS2). When
sufficient carriers are accumulated in level 2 and popu-
lation inversion is achieved, the laser starts to emit light
with an abrupt peak in Pout, which relaxes fast and then the
emitted power follows the shape of the pumping pulse.

Furthermore, we note that the output power also fol-
lows the CW predictions of Fig. 4(b). For as much as the
laser emits, the carrier populations in levels 1 and 2 remain
practically constant. As the pumping pulse fades, emission
ceases and the carriers slowly relax to the ground energy
state. Although carrier generation through the absorption
of pump photons is an almost instantaneous process, las-
ing does not start immediately after �N̄ > �N̄th [see
Fig. 5(b)]. The thresholds of Eqs. (23) and (26) are CW
metrics of the laser and, in pulsed pump operation, do not
strictly apply due to the more complex dynamics of the
cavity. Thus, although τ� � 10 ps (i.e., the cavity responds
in a short time scale), the shorter possible pump pulse to
obtain lasing is much wider, in the hundreds of picosec-
onds, and requires a higher peak power than the respective
CW threshold. Such a complex dynamic response cannot
be accurately captured by the CW metrics. Note that pulsed
pump operation is typically an approach followed to get
low-repetition-rate pulses; faster operation in the gigahertz
scale would require external modulation schemes [8].

The TMD bilayer emits in a wide spectral range (m =
20 Trad/s). Therefore, as a final step of the analysis of
the cavity, it is interesting to examine all the modes that
are supported by the disk resonator in the aforementioned
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spectral range and discuss the likelihood of having mul-
timode lasing in our proposed cavity. To this end, we
look for all the resonant modes in the frequency range
[ωm − 3m/2, ωm + 3m/2], which covers the Lorentzian
of the emission down to 10% of its maximum.

In Fig. 6 we plot the intrinsic quality factors ver-
sus the resonant wavelengths of these modes along with
the normalized Lorentzian emission of the TMD bilayer.
The frequency response of each cavity mode is also of
Lorentzian lineshape but, for better visual representation,
these lineshapes are not included. Apart from the lasing
whispering-gallery mode (m = 16), the rest of the sup-
ported modes are of higher radial order, thus characterized
by low (below 1000) Qi values (see Table S2 of the Sup-
plemental Material [44]). This is also obvious from the
insets of Fig. 6, where Re{Eφ} at either the TMD plane
(z = h) or the middle plane of the resonator (z = h/2) is
depicted for a few characteristic modes. As we can see
from the depicted field distributions, the modes of higher
radial order are not well confined inside the cavity and
exhibit strong radiation leakage. This is true for the rest
of the modes, the field profile of which is not included
here due to space limitations (see instead Fig. S8 of the
Supplemental Material [44]).

The neighboring whispering-gallery modes of the first
radial order are located at 1177 nm (m = 15 order mode)
and at 1083 nm (m = 17 order mode), well outside the
emission Lorentzian. Thus, inside the photoluminescence
spectral range of the TMD bilayer, only a single first-
radial-order whispering-gallery mode is supported; it is the
only mode with Qi in the order of 105, two orders of magni-
tude higher than the next mode with the second-largest Qi.
Consequently, by taking into account (i) the low quality
factors of the higher-radial-order modes, (ii) the spectral
detuning of their resonance frequencies from ωm, and (iii)
the spatial hole-burning effect induced by the lasing mode
[the spatial depletion of the population inversion �N (r, t)
due to the amplification of the lasing mode] [36,57,58], we
can rather safely assume that we have single-mode oper-
ation in our proposed lasing structure. Finally, we note
that spontaneously emitted photons are coupled to any of
the supported modes with equal probability, thus cavity-
induced modification (either enhancement or inhibition) of
the spontaneous emission is further suppressed.

V. CONCLUSION

To recapitulate, we have presented a framework based
on perturbation theory and temporal coupled-mode the-
ory, capable of theoretically assessing the lasing process
in integrated micro- and nanophotonic cavities. The pro-
posed version of the framework is capable of handling
both bulk and contemporary sheet-type gain materials,
like TMDs. The gain process is described by an induced
polarization field, following a homogeneously broadened

Lorentzian oscillator, and it is rigorously introduced in the
CMT framework through first-order perturbation theory.
The carrier dynamics are considered through rate equations
that are incorporated in the developed framework, allow-
ing for the modeling of the most general case of “class C”
lasers [59].

During the process of developing the framework, gen-
eral design directives and CW metrics naturally emerged.
These metrics and directives were applied for the thor-
ough analysis and design of a practical laser cavity based
on a SRNOI whispering-gallery disk resonator with a
WSe2/MoS2 heterostructure residing on top of the disk,
acting as the gain medium. The geometric characteris-
tics of the disk resonator (radius R and height h) were
meticulously engineered to optimize lasing performance.
The interaction of the TMD bilayer both with the sup-
ported cavity modes and with the incident pump wave
was considered for the optimization. The optimum param-
eters are summarized in Table I, alongside the obtained
lasing thresholds. Importantly, the proposed framework
can capture the dynamic response of the system. Finally,
the supported modes in the luminescence lineshape of the
TMD bilayer have been evaluated and the likelihood of
multimode lasing has been discussed.

Overall, the developed CMT framework enables the
accurate evaluation of fundamental laser characteristics,
including the lasing threshold, the lasing frequency, and
the output power, without resorting to the computation-
ally intensive solution of the coupled Maxwell-Bloch
equations. Furthermore, our theoretical framework can be
expanded to accommodate gain materials with more com-
plex behavior acquiring more energy levels, other absorp-
tion and emission processes, or even carrier diffusion and
nonlinearities. The proposed laser cavity is characterized
by a low pumping lasing threshold and it is capable of
emitting power on the milliwatts order inside an integrated
waveguide, with an estimated total quantum efficiency of
approximately 1.7%. Hence, it can be exploited as an
SOI-compatible, monolithically integrated optical source
in the lower limit of the O band.

TABLE I. Optimum geometrical dimensions of the proposed
laser structure. The obtained threshold population inversion
�N̄th, threshold pumping power Pp ,th, output power Pout for
Pp = 2Pp ,th, and total quantum efficiency are also included.

R 1.317 µm
h 330 nm
g 300 nm

�N̄th 4.61 × 1010 cm−2

Pp ,th 1.3 mWa

Pout@2Pp ,th 24 µW
Total quantum efficiency 1.7%

a Pp ,th corresponds to an input intensity of 16 kW/cm2.
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